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Tutorial 5 - Solutions

Exercise 1
The process Aω + A<ω satisfies the formula 〈a〉Inv(〈a〉tt) because

Aω + A<ω a→ Aω a→ Aω .

On the other hand, A<ω does not satisfy the formula 〈a〉Inv(〈a〉tt) because every process that can be
reached from A<ω by performing an a-labelled transition is of the form ai for some i ≥ 0.

Conversely, the process A<ω satisfies the formula [a]Pos([a]ff), whereas Aω + A<ω does not.

Exercise 2

O[b]ff∧[a]X({p2}) = O[b]ff ({p2}) ∩ O[a]X({p2})
= [·b·]∅ ∩ 〈·a·〉{p2}
= {p2, p3} ∩ {p1, p3}
= {p3} .

Exercise 3
The set equation associated with the first recursive definition has two solutions, namely {s, s2} and {s, s1, s2}.
So the formula is equivalent to tt over the given labelled transition system if the largest solution is sought.
If the least solution is specified then the formula intuitively states that each computation consisting of
b-labelled transitions is either finite or has a state from which an a-labelled transition is possible.

The set equation associated with the second recursive definition has only one solution, namely {s2}.
The single formula defined by this equation states intuitively that each computation consisting of b-labelled
transitions will eventually reach a state where an a-labelled transition is possible.

Exercise 4
1. s1 satisfies the formula

X
max= 〈b〉tt ∧ [b]X ,

because each play from the configuration (s1, X) is either infinite (and visits the configuration
(s2, X) infinitely often) or terminates in the configuration (s2, tt), which is winning for the defender.
Note that infinite plays are winning for the defender since the formula is defined using a largest fixed
point.

2. s satisfies the formula
Y

min= 〈b〉tt ∨ 〈{a, b}〉Y ,

because the defender can force the play to reach the configuration (s2, tt), which is winning for her.
(You should check that this is indeed true.) On the other hand, every play from the configuration
(t, Y ) either ends in a configuration of the form (t′, 〈b〉tt) for some t′ ∈ {t, t1, t2}, when it is the
attacker’s turn to play, or is infinite. The former type of configuration is winning for the defender
and so is the latter since Y is a least fixed-point formula.

Consider now the formula
X

max= 〈a〉X .
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The process t satisfies that formula because the defender has the following winning strategy in the game
characterizing HML with one recursively defined variable:

(t, X) −→ (t, 〈a〉X) D−→ (t1, X) −→ (t1, 〈a〉X) D−→ (t1, X) .

Observe that, since X is defined as a largest fixed point, the above forced play is winning for the defender
since it is infinite.
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