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In this paper, we introduce an extension of the GSOS ruledbwmith predicates such as termination,
convergence and divergence. For this format we generaliethnique proposed by Aceto, Bloom
and Vaandrager for the automatic generation of ground-tetepxiomatizations of bisimilarity over
GSOS systems. Our procedure is implemented in a tool theivexSOS specifications as input and
derives the corresponding axiomatizations automaticalljis paves the way to checking strong
bisimilarity over process terms by means of theorem-pmtéchniques.

1 Introduction

One of the greatest challenges in computer science is theagement of rigorous methods for the speci-
fication and verification of reactive systems,, systems that compute by interacting with their environ-
ment. Typical examples include embedded systems, contogrgams and distributed communication
protocols. Over the last three decades, process algehrets,as ACP[[4], CCS [15] and CSP [13],
have been successfully used as common languages for théptleacof both actual systems and their
specifications. In this context, verifying whether the iempentation of a reactive system complies to
its specification reduces to proving that the correspongimogess terms are related by some notion of
behavioural equivalence or preorder|[12].

One approach to proving equivalence between two terms igpioiethe equational style of reason-
ing supported by process algebras. In this approach, orsnska (ground-)complete axiomatization
of the behavioural relation of interest and uses it to prinedquivalence between the terms describing
the specification and the implementation by means of equaltireasoning, possibly in conjunction with
proof rules to handle recursively-defined process spetidita

Finding a “finitely specified”, (ground-)complete axionzatiion of a behavioural equivalence over
a process algebra is often a highly non-trivial task. Howea® shown in[[2] in the setting of bisimilar-
ity [A5] (18], this process can be automated for process kgegiwith an operational semantics given in
terms of rules in the GSOS format of Bloom, Istrail and Me&jr [n that reference, Aceto, Bloom and
Vaandrager provided an algorithm that, given a GSOS larggaagnput, produces as output a “conser-
vative extension” of the original language with auxiliangevators together with a finite axiom system
that is sound and ground-complete with respect to bisiitylésee,e.g, [1,[11,[14/17] for further re-
sults in this line of research). As the operational spedificaof several operators often requires a clear
distinction between successful termination and deadlaclextension of the above-mentioned approach
to the setting of GSOS with a predicate for termination wagppsed in[[6].

In this paper we contribute to the line of the work in [2] and. [6nspired by [6], we introduce
the preg rule format, a natural extension of the GSOS format with doitrary collection of predicates
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such as termination, convergence and divergence. We fuailtept the theory in[2] to this setting
and give a procedure for obtaining ground-complete axi@aigbns for bisimilarity ovepregsystems.
More specifically, we develop a general procedure that,ngavpreg language as input, automatically
synthesizes a conservative extension of that language dimiteaaxiom system that, in conjunction
with an infinitary proof rule, yields a sound and ground-ctetg axiomatization of bisimilarity over the
extended language. The work we present in this paper is lmas#te one reported in|[2] 6]. However,
handling more general predicates than immediate terroimagquires the introduction of some novel
technical ideas. In particular, the problem of axiomatidiisimilarity over goreglanguage is reduced to
that of axiomatizing that relation over finite trees whosde®may be labelled with predicates. In order
to do so, one needs to take special care in axiomatizing imegaemises in rules that may have positive
and negative premises involving predicates and transition

The results of the current paper have been used for the ingplation of a Maude [9] tool [3] that
enables the user to specifyeg systems in a uniform fashion, and that automatically derile asso-
ciated axiomatizations. The tool is availablehatp: //goriac.info/tools/preg-axiomatizer/.
This paves the way to checking bisimilarity over processiteby means of theorem-proving techniques
for a large class of systems that can be expressed ps#gdanguage specifications.

Paper structure. In Sectior 2 we introduce thgregrule format. In Sectiof]3 we introduce an appro-
priate “core” language for expressing finite trees with pratks. We also provide a ground-complete
axiomatization for bisimilarity over this type of trees, @& aim is to prove the completeness of our fi-
nal axiomatization by head normalizing gengredgterms, and therefore by reducing the completeness
problem for arbitrary languages to that for trees.

Head normalizing genergireg terms is not a straightforward process. Therefore, folhgnZ], in
Section# we introduce the notion of smooth and distinctiperation, adapted to the current setting.
These operations are designed to “capture the behaviowenefrglpreg operations”, and are defined by
rules satisfying a series of syntactic constraints withpghgose of enabling the construction of head
normalizing axiomatizations. Such axiomatizations argedaon a collection of equations that describe
the interplay between smooth and distinctive operationd, tae operations in the signature for finite
trees. The existence of a sound and ground-complete axiatiah characterizing the bisimilarity of
preg processes is finally proven in Sectigh 5. A technical disomsen why it is important to handle
predicates as first class notions, instead of encoding themdans of transition relations, is presented
in Sectior 6. In Sectiop] 7 we draw some conclusions and peguidinters to future work.

2 GSOS with predicates

In this section we present tipeeg systems which are a generalization of GSOS [8] systems.

Consider a countably infinite s&t of process variablegusually denoted by, y, z) and a signature
Y. consisting of a set ajperationgdenoted byf, g). The set oprocess term¥ (%) is inductively defined
as follows: each variable € Var is a term; if f € X is an operation of arity, and if Sy, ...,S; are terms,
then f(51,...,5;) is a term. We writél'(X) in order to represent the set dbsed process termsge.,
terms that do not contain variables), ranged over,byA substitutiorno is a function of typd” — T(X).
If the range of a substitution is included T(X), we say that it is &@losed substitutianMoreover, we
write [x — t] to represent a substitution that maps the variabte the termt. Let# = z4,...,2, be
a sequence of pairwise distinct variables >XAcontextC[z] is a term in which at most the variablés
appear.
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Let A be a finite, nonempty set @fctions(denoted byu, b, ¢). A positive transition formulas a
triple (S,a,S") written S % ', with the intended meaning: proceSgerforms actiorz and becomes
processS’. A negative transition formulas, «) written S <, states that processcannot perform action
a. Note thatS, S’ may contain variables. The “intended meaning” applies ¢sedl process terms.

We now defingoreg— predicateextension of theé5SOS rule format. LeP be a finite set opredicates
(denoted byP, Q). A positive predicate formulds a pair (P, S), written P.S, saying that procesS
satisfies predicat®. Dually, anegative predicate formula P S states that proces$ does not satisfy
predicateP.

Definition 1 (pregrule format) ConsiderA, a set of actions, an®, a set of predicates.
1. A pregtransition rulefor an l-ary operationf is a deduction rule of the form:

{2i Ly |ieIt,jel}y {PjzlicJt,jeJ}
(zi 5 lieI"beB;}  {-Qu;licJ Qe Q;}
flat,...m) S CIE )

where
(@) z1,...,x; are pairwise distinct variables;
(b) 1T, g+, 1-,J- CL={1,...,1} and each/;" and.J;" is finite;
(c) aij,bandc are actions inA (B; C A); and
(d) P;; andQ are predicates irP (Q; C P).

2. A pregpredicate ruldor an [-ary operationf is a deduction rule similar to the one above, with
the only difference that its conclusion has the faty (z1,...,x;)) for someP € P.

Let p be apreg (transition or predicate) rule fof. The symbolf is the principal operationof p.
All the formulas above the line amntecedentand the formula below is theonsequent We say that
a positioni for p is tested positivelyf i € I UJT and ;" UJ;" # 0. Similarly, i is tested negatively
ifie I"UJ™ andB;UQ; # . Wheneverp is a transition rule forf, we say thatf (Z) is thesource
C[#,7] is thetarget andc is theactionof p. Whenever is a predicate rule fof, we call f(Z) thetest
of p.

In order to avoid confusion, if in a certain context we use @thian one rule, e.g, p’/, we parame-
terize the corresponding sets of indices with the name ofitlege.g, I;f, J[;.

Definition 2 (preg system) A pregsystem is a pailG = (X¢,R¢), whereX is a finite signature
and R¢ = R4 URZ is a finite set ofpregrules overXs (RZ and R, represent the transition and,
respectively, the predicate rulesG).

Consider gpreg system(. Formally, the operational semantics of the closed protasss inG
is fully characterized by the relations¢ C T'(Xg) x AXx T(Xg) andxg C P x T'(X¢), called the
(unique) sound and supportettansition and, respectively, predicate relations. tiielly, soundness
guarantees that>; andx ¢ are closed with respect to the application of the ruleRinonT'(X¢), i.e.,
—¢ (resp.x ) includes the set of all possible transitions (resp. pgei) process terms () can
perform (resp. satisfy) according ;. The requirement that>; andix o be supported means that all
the transitions performed (resp. all the predicates sadisfiy a certain process term can be “derived
from the deductive system described By;. As a notational convention, we writ¢ = S’ and P; S
whenever(S,a,S’) € —¢ and(P,S) € x. We omit the subscripff when it is clear from the context.
The formal definitions of+; andix  are provided in Appendix]A
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Lemma 1. LetG be apregsystem. Then, for eache T'(S¢) the set{(a,t') |t = ¢/, a € A} is finite.

Next we introduce the notion diisimilarity — the equivalence over processes we consider in this
paper.

Definition 3 (Bisimulation) Consider goregsystenG = (X, R¢). A symmetric relatiolk CT'(X¢) X
T(X¢) is abisimulationiff:

1. for all 5,t,s" € T(X¢), whenever(s,t) € R ands = s’ for somea € A, then there is som# ¢
T(X¢g) such thatt % ¢' and (s',') € R;

2. wheneve(s,t) € RandPs (P € P) thenPt.

Two closed terms and¢ are bisimilar (written s ~ t) iff there is a bisimulation relatior? such that
(s,t) € R.

Proposition 1. Let G be apregsystem. TheR- is an equivalence relation and a congruence for all
operationsf of G.

Definition 4 (Disjoint extension) A pregsystemG’ is a disjoint extension of pregsystem(, written
G C @, if the signature and the rules 6¥ include those of7, and G’ does not introduce new rules for
operations inG.

It is well known that if G C G’ then two terms iff'(X¢) are bisimilar inG if and only if they are
bisimilar in G’

From this point onward, our focus is to findsaund and ground-complete axiomatization of bisimi-
larity on closed term$or an arbitrarypreg systemG, i.e., to identify a (finite) axiom systergs so that
EqFs=tiff s~tforallste T(Xs). The method we apply is an adaptation of the techniquielin [2] to
thepregsetting. The strategy is to incrementally build a finite,di@armalizing axiomatization for gen-
eralpregterms,i.e.,, an axiomatization that, when applied recursively, redube completeness problem
for arbitrary terms to that for synchronization trees. Thay, the proof of ground-completeness ter
reduces to showing the equality of closed tree terms.

3 Preliminary steps towards the axiomatization

In this section we start by identifying an appropriate laaggifor expressing finite trees with predicates.
We continue in the style of [2], by extending the languagehwitkind of restriction operator used for
expressing the inability of a process to perform a certaiioaor to satisfy a given predicate. (This oper-
ator is used in the axiomatization of negative premises.pkveide the structural operational semantics
of the resulting language, together with a sound and gramamaplete axiomatization of bisimulation
equivalence on finite trees with predicates.

3.1 Finite trees with predicates

The language for trees we use in this paper is an extensibrnpnatlicates of the language BCCSP [12].
The syntax of BCCSP consists of closed terms built from ateoné (deadlock, the binary operatart_
(nondeterministic choige and the unary operators_ (action prefij, wherea ranges over the actions
in a setA. LetP be a set of predicates. For eathe P we consider a process constant, which
“witnesses” the associated predicate in the definition ofoegss. Intuitivelyxp stands for a process
that only satisfies predicat and has no transition.
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A finite tree termt is built according to the following grammar:
tu=0|rkp (VPEP)|at(VacA)|t+t. (1)

Intuitively, 0 represents a process that does not exhibit any behavieut,is the nondeterministic
choice between the behaviourssofndt, while a.t is a process that first performs actiemnd behaves
like ¢ afterwards. The operational semantics that capturesritugion is given by the rules of BCCSP:

xS Y=y
(rl) L AL A

z+y Sy (rls)

Figure 1: The semantics of BCCSP

a.r —x r+y o

As our goal is to extend BCCSP, the next step is to find an apitepsemantics for predicates. As
can be seen in Fif] 1, action performance is determined bgthpe of the terms. Consequently, we
choose to define predicates in a similar fashion.

Consider a predicat® and the termt = xp. As previously mentioned, the purpose o is to
witness the satisfiability oP. Therefore, it is natural to consider that satisfiesP.

Take for example thémmediate terminatiompredicate). As a terms + s’ exhibits the behaviour
of both s and ¢/, it is reasonable to state that+ s’) | if s | or s’ |. Note that for a termt = a.t’ the
statement | is in contradiction with the meaning of immediate termioafi sincet can only execute
actiona. Predicates of this kind are calleaplicit predicatesn what follows.

Consider now theeventual terminatiorpredicates. In this situation, it is proper to consider that
(s+1t)5if s5 orts and, moreover, that.s4 if s4. We refer to predicates such @aasimplicit predicates
(that range over a s@” included inP), since their satisfiability propagates through the stnecof tree
terms in an implicit fashion. We denote b4y (included in.A) the set consisting of the actiomasfor
which this behaviour is permitted when reasoning on thefaltility of predicateP.

The transition rules expressing the semantics of predicaes

Px Py Px

Plav) " Pliy 1 Baay PP VAR CH)

(rly)

Prp
Figure 2: The semantics of predicates

The operational semantics of trees with predicates is dwetine set of rulesr{,)—(rl7) illustrated
in Fig.[d and FiglR. For notational consistency, we make dfievfing conventions. Le# be an action
set andP a set of predicatestrtp represents the signature of finite trees with predical&grp) is
the set of (closed) tree terms built ovegrp, andRetp is the set of rulesr{;)—(ri7). Moreover, byFTP
we denote the systefLrrp, ReTp).

Discussion on the design decisions.At first sight, it seems reasonable for our framework to allow

for rules of the shap({w} or {%}. We decided, however, to eliminate them, as they would

invalidate standard algebraic properties such as the idempe and the commutativity of-_.
Without loss of generality we avoid rules of the for{nm}. As far as the user is concerned,

a.x

in order to express that.x satisfies a predicat®, one can always add the witness as a summand:
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a.r + kp . This decision helped us avoid some technical problemshosbundness and completeness
proofs for the case of the restriction operaliro, which is presented in Sectién B.3.

Due to the aforementioned restriction, we also had to leateuniversal predicates from the set
PY = {%}. However, the elimination of universal predicates is ndteotetical limitation to what
one can express, since a universal predicate can alwaydibedlas the negation of an existential one.

As a last approach, we thought of allowing the user to speifgtential predicates using rules of
the_ f(_)rm Plgf'r'f;)f(*) and P}g?g;f;)y(**) (instead of(rls) and(rlg)). Howe_ver, in order to maintain the
validity of the axiomz + = = z in the presence of rules of these forms, it would have to bedke that
one of the predicates; in the premises ig itself. [If that were not the case, then lebe the sum of
the constants witnessing tli&’s for a rule of the form(x) above with a minimal set of set premises. We
have that + ¢ satisfiesP by rule (x). On the other hand?t does not hold since none of tl# is equal
to P and no rule forP with a smaller set of premises exists.] Now, if a rule of therf@«) has a premise
of the form Pz, then it is subsumed bii5) which we must have to ensure the validity of laws such as

Kp =Kp+Kp.

3.2 Axiomatizing finite trees

In what follows we provide a finite sound and ground-compbetematization Egrp) for bisimilarity
over finite trees with predicates.
The axiom systenkrrp consists of the following axioms:

r+y=y+x (A1)  zt+z=z (43)
(z+y)+z=z+y+2) (A2) z+0=z (A4)
a.(x+rp)=a.(r+kp)+rp, VP EPLVac Ap (As)

Figure 3: The axiom systef-tp

Axioms (A;)—(A4) are well-known[[15]. Axiom(As5) describes the propagation of witness constants
for the case of implicit predicates.

We now introduce the notion of terms head normal form This concept plays a key role in the
proofs of completeness for the axiom systems generated rtyaonework.

Definition 5 (Head Normal Form)Let X be a signature such thaterp C X. Atermtin 7'(X) is in head
normal form(for short, h.n.f.) if

t= Zai'ti + Z kp,,and theP; are all the predicates satisfied by
icl jed
The empty surtY = (), .J = () is denoted by the deadlock constant

Lemma 2. Eprp is head normalizing for terms i (Xgrp). That is, for allt in T'(Xg1p), there exists’
in T(Xgrp) in h.n.f. such that Erp ¢t = ¢’ holds.

Proof. The reasoning is by induction on the structuré.ofhe whole proof is included in AppendiX B.
O

Theorem 1. Egrp is sound and ground-complete for bisimulation B rrp). That is, it holds that
(Vt,t/ S T(EFTP)) EFtpHt= tiff t ~¢.
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Proof. The full proof is included in Appendix]C. O

3.3 Axiomatizing negative premises

A crucial step in finding a complete axiomatization foeg systems is the “axiomatization” of negative
premises (of the shape—, —Px). In the style of[[2], we introduce the initial restrictioperatoros, o,
whereBB C A and Q@ C P are the sets of initially forbidden actions and predicatespectively. The
semantics 0B ¢ is given by the two types of transition rules in Hig. 4.

r— if a g B (rls) %

g if P& Q (rlo)
9,o(z) = Oy grpz(2')

Figure 4: The semantics 6k o

Note thatdp o behaves like the one step restriction operatof_in [2] forabgons inB3, as the re-
striction on the action set disappears after one transitmthe other hand, for the case of predicates in
Q, the operatob o resembles the CCS restriction operatori [15] since, dueet@tbsence of implicit
predicates, not all the restrictions related to predicatisfaiction necessarily disappear after one step, as
will become clear in what follows.

We write EZ;, for the extension oExte with the axioms involvingds o presented in Figd6RZ.p
stands for the set of rulgsl; )—(rly), while FTP? represents the systef®iZ,,, RE:p).

98,0(6) =0 (A6)  OB,0(a.2) = pgo paxyip HacB (Ag)
Oso(kp)=6 IfPecQ (A7) Opolax)=0po(ax) ifagB (Ay)
Oo(kp)=kp IFPZQ (Ag) Op,ola.x) = a.@m’gnpz(m) (A1)

Ip,o(z+y) = 0p,0(x) +080(y) (A12)

Figure 5: The axiom systeEﬁTP\ Errp

Axiom (Ag) states that it is useless to impose restrictions, t@sd does not exhibit any behaviour.
The intuition behind A;) is that since a predicate witnesg does not perform any action, inhibiting
the satisfiability of P leads to a process with no behaviour, namelyConsequently, if the restricted
predicates do not includ®, the resulting process isp itself (see(A4g)). Inhibiting the only action a
processu.t can perform leads to a new process that, in the best cassdjesaiome of the predicates in
P* satisfied byt (by (rl7)) if Q # PT (see(Ag)). Whenever the restricted action getloes not contain
the only action a processt can perform, then it is safe to give up(see(Ajp)). As a process.t only
satisfies the predicates also satisfied: biy is straightforward to see thak 5(a.t) is equivalent to the
process obtained by propagating the restrictions on imgredicates deeper into the behaviourtof
(see(A11)). Axiom (Ajp2) is given in conformity with the semantics of-_ (s + ¢ encapsulates both the
behaviours ok andt).

Remark 1. For the sake of brevity and readability, in Figl 4 we presentély), which is a schema
with infinitely many instances. However, that schema careptaced by a finite family of axioms, as
presented in Appendix|D.



8 Axiomatizing GSOS with Predicates

Theorem 2. The following statements hold fofE.:

1. E;pis sound for bisimilarity orf'(22:p).
2.Vt € T(X8:p), 3t € T(Skrp) s.t. Edp-t =1,

Proof. The whole proof can be found in Appendix E. O
As proving completeness f&TP° can be reduced to showing completenes$oP (already proved
in Theorenti 1), the following result is an immediate consegaeof Theorerh]2:

Corollary 1. EZ;pis sound and complete for bisimulation @ix2;p).

4 Smooth and distinctive operations

Recall that our goal consists in providing a sound and greaomdplete axiomatization for bisimilarity
on systems specified in thmreg format. As thepreg format is too permissive for achieving this result
directly, our next task is to find a class of operations foralhive can build such an axiomatization by
“easily” reducing it to the completeness result FFP, presented in Theoreh 1. In the literature, these
operations are known asnooth and distinctivf]. As we will see, these operations are incrementally
identified by imposing suitable restrictions preg rules. The standard procedure is to first find the
smoothoperations, based on which one determinegdtbenctiveones.

Definition 6 (Smooth operation)

1. Apregtransition rule issmoothif it is of the following format:
{mi%yﬂiefr} {PZ$Z|’LEJ+}
{wi» |ieI~beB;} {~QuilicJ Qe Q;}
fzy,...,2) = C[Z, 7]

where
(@ I*,J*,1~,J disjointly cover the set = {1,...,i},
(b) in the targetC[Z, 4] we allow only:y; (i € IT), z; (i€ I~ UJ7).
2. Apregpredicate rule issmoothif it has the form above, its premises satisfy condition @raj its
conclusion isP(f(x1,...,z;)) for someP € P.
3. An operationf of a pregsystem ismoothif all its (transition and predicate) rules are smooth.
By Definition[@, a rulep is smooth if it satisfies the following properties:

e a position; cannot be tested both positively and negatively at the sames t

e positions tested positively are not tested for the perfoiceaof multiple transitions (respectively,
for the satisfiability of multiple predicates) within thensa rule, and

e if pis atransition rule, then the occurrence of variables atipas i € I U J " is not allowed in
the target of the consequent af

Remark 2. Note that we can always consider a positibthat does not occur as a premise in a rule
for f as being negative, with the empty set of constraints (itkeei € I~ andB; =0, ori € J~ and
Q; =0).
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Definition 7 (Distinctive operation) An operationf of a pregsystem iglistinctiveif it is smooth and:
e for each argument, either all rules forf test: positively, or none of them does, and
e for any two distinct rules forf there exists a position tested positively, such that one of the
following holds:
- both rules have actions that are different in the premispaaitions,
- both rules have predicates that are different in the prenaisposition,
- one rule has an action premise at positigrand the other rule has a predicate test at the
same positiori.
According to the first requirement in Definitibh 7, we statattfor a smooth and distinctive operation
f, aposition; is positive(respectivelynegativé for f if there is a rule forf such that is tested positively
(respectively, negatively) for that rule.
The existence of a family of smooth and distinctive operai@escribing the behaviour” of a general
pregoperation is formalized by the following lemma:
Lemma 3. Consider apregsystemG. Then there exist pregsystem’, which is a disjoint extension of
G and FTP, and a finite axiom system E such that
1. Eis sound for bisimilarity over any disjoint extensiéfi of G, and
2. for each ternt in T'(X;) there is some terrtf in T'(X /) such thatt’ is built solely using smooth
and distinctive operations and E proves- t'.
A detailed description of the transformation process fraenegalpreg to smooth and distinctive
operations is provided in Appendix F

4.1 Axiomatizing smooth and distinctivepreg operations

To start with, consider, for the good flow of the presentatithat we only handle explicit predicates
(i.e., we takeP? = ()). Towards the end of the section we discuss how to extendréssepted theory
to implicit predicates. We proceed in a similar fashion[th 2 defining a set of laws used in the
construction of a complete axiomatization for bisimikargn terms built over smooth and distinctive
operations. The strength of these laws lies in their caipatif reducing terms to their head normal
form, thus reducing completeness for gen@rag systems to completenessEfrp (which has already
been proved in Sectidn 3.2).

Definition 8. Let f be a smooth and distinctiveary operation of goregsystemG, such that FTR C G.

1. For a positive position € L = {1,...,l}, thedistributivity lawfor i w.r.t. f is given as follows:
X1, XX LX) = (X, X X))+ (X, XX,

2. For arulep € R for f thetrigger lawis, depending on whetheris a transition or a predicate

rule:
F(X) = c.CX,7 ,peR* (actionlaw)
B kp , peRF (predicate law)
where
a;-Yi (&S I+
Xi= kp, ,i€Jt

0B, 0,(xi) ,iel"UJ”
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3. Suppose that far€ L, term X; is of the formd, x p,,a.z;,a.z; + 2} or kp, + z;. Suppose further
that for each rule forf there existsX; € X (je {1,...,1}) s.t. one of the following holds:

e jeltand (X;=do0r X; =b.z; (b#aj)or X; = kg, for someQ),
e jeJtand (X; =6 or X; = kg (Q # Pj) or X; =b.z;, for someb),
e je I~ andX; =b.z; + 2, whereb € B;,
e jeJ and X, = kg + zj, where@ € Q;.
Then thedeadlock laws as follows: B
F(X)=5.

Theorem 3. ConsiderG a pregsystem such that FPPC G. Let X C ¢ \ ©¢p be a collection of
smooth and distinctive operations 6f Let E; be the finite axiom system that extendggEwith the
following axioms for eaclf € X:

o for each positive argumeritof f, a distributivity law (Definitiod 8.11),
o for each transition rule forf, an action law (Definitiof}8]2),
o for each predicate rule fof, a predicate law (DefinitiohlBl2), and
¢ all deadlock laws forf (Definition[8L3).
The following statements hold fog&Efor any G’ such thatG C G”:
1. Eq is sound for bisimilarity oV’ (X¢).
2. Eg is head normalizing fof (X U $2p).

Proof. The full proof is presented in AppendiXx H O

Obtaining the soundness of the action law (Definifidd 8.2unes some care when allowing for
specifications with implicit predicates”f # (). Consider a scenario in which a transition rule for a

smooth and distinctive operatighis of the form——Z— . Assume the closed instantiatioh = 3,
J(X)—C[X. 9]

7 = t and assume that(c.C'[3,t]) holds for some predicat® in PZ. This means thaP(C/|5,t]) holds.

In order to preserve the soundness of the action Ry,(s)) should also hold, but this is impossible
since f is distinctive. One possible way of ensuring the soundnésisecaction law in the presence of
implicit predicates is to stipulate some syntactic corsisy requirements on the language specification.
One sufficient requirement would be that if predicate % is derivable, then the system should

contain a predicate rul g’[’ﬂ) with H” C H'. This is enough to guarantee that if the right-hand side of
the action law satisfie® then so does the left-hand side.

5 Soundness and completeness

Let us summarize our results so far. By Theotém 3, it folldwe,tfor anypregsystemG 3 FTP?, there
is an axiomatization that is head normalizing (> U $¢p), whereX C ¥ \ X2, is a collection of
smooth and distinctive operations 6f Also, as hinted in Sectidd 4 (Lemrh& 3), there exists a sound
algorithm for transforming generptegoperations to smooth and distinctive ones.

So, for anypreg systemG, we can build goreg systemG’ J G and an axiomatizatiois that is
head normalizing fof'(X-). This statement is formalized as follows:

Theorem 4. LetG be apregsystem. Then there exist J G and a finite axiom systemgsuch that
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1. Eq is sound for bisimulation off'(X),
2. Egr is head normalizing fofl'(X¢),
and moreoverZ’ and E;- can be effectively constructed framh

Proof. The proof follows immediately by Theorel 3 and by the existenf an algorithm used for
transforming genergiregto smooth and distinctive operations, described in AppeRdi O

Remark 3. Theoreni ¥ guarantees ground-completeness of the genevdtedatization for well-founded
pregspecifications, that igregspecifications in which each process can only exhibit firgfeaviour.

Let us further recall an example given [ [2]. Consider thestantw, specified by the ruler % w.
Obviously, the corresponding action law= a.w will apply for an infinite number of times in the head
normalization process. So the last step in obtaining a cetm@xiomatization is to handle infinite
behaviour.

Let ¢t andt’ be two processes with infinite behaviour (remark that thaitefibehaviour is a conse-
guence of performing actions for an infinite number of tinsesthe extension to predicates is not a cause
for this issue). Since we are dealing with finitely branchimgcesses, it is well known that if two process
terms are bisimilar at each finite depth, then they are biaim®ne way of formalizing this requirement
is to use the well-knowpproximation Induction Principl€AIP) [5, [7].

Let us first consider the operations (-), n € N, known asprojection operations The purpose of
these operations is to stop the evolution of processesaftertain number of steps. The AIP is given by
the following conditional equation:

x=yif m,(z) =7, (y) (Vn €N).

We further adapt the idea inl[2] to our context, and model tifiaite family of projection operations
m(+), n € N, by a binary operatior/- defined as follows:
P Ny Px

z/h %z W (rio) W (i)

wherec is an arbitrary action. Note that- is a smooth and distinctive operation.

The role of variablée is to “control” the evolution of a proceske., to stop the process in performing
actions, after a given number of steps. Variablghe “hourglass” in[[2]) will always be instantiated with
terms of the shape”, inductively defined as:® = §, ¢! = c.c™.

Let G = (¥¢,R¢) be apreg system. We use the notati@#, to refer to thepreg system(X¢ U
{-/-},RaU{(rlo),(rl11)}) — the extension ofz with - /- . Moreover, we use the notatidp to refer
the axioms for the smooth and distinctive operationderived as in Sectidn 4.1 — Definitidh 8.

We reformulate AIP according to the new operatign:

z=yifx/c"=y/c" (Vn eN)
Lemma 4. AIP is sound for bisimulation oﬂT(EFTp/).
Proof. The whole proof can be found in Appendilx I. O

In what follows we provide the final ingredients for provirtgetexistence of a ground-complete
axiomatization for bisimilarity ompregsystems. As previously stated, this is achieved by redumimg-
pleteness to proving equality IRTP. So, based on AIP, it would suffice to show that for any closed
process term and natural numbet, there exists aR TP term equivalent té at momentz in time:



12 Axiomatizing GSOS with Predicates

Lemma 5. ConsiderG a pregsystem. Then there exi&t' 3 G, and By with the property: Vt €
T(ng),vn S N,Ht/ S T(EFTP) s.t. B F t/c” =t.

At this point we can prove the existence of a sound and graonagplete axiomatization for bisimu-
lation equivalence on genernaileg systems:

Theorem 5(Soundness and CompletenesSpnsiderG' a pregsystem. Then there exist J G, and
Eq afinite axiom system, such thag&J Eap is sound and complete for bisimulation @i ).

6 Motivation for handling predicates as first-class notions

In the literature on the theory of rule formats for Structigerational Semantics (especially, the work
devoted to congruence formats for various notions of blainty), predicates are often neglected at first
and are only added to the considerations at a later stagere@ien is that one can encode predicates
quite easily by means of transition relations. One can findraber of such encodings in the literature—
see, for instance[ [10, 18]. In each of these encodings, digatte P is represented as a transition

relation 2 (assuming thaP is a fresh action label) with a fixed constant symbol as targeing this
translation, one can axiomatize bisimilarity oy@eg language specifications by first converting them
into “equivalent” standard GSOS systems, and then applifirgalgorithm from[[2] to obtain a finite
axiomatization of bisimilarity over the resulting GSOStsys.

In light of this approach, it is natural to wonder whethesitnorthwhile to develop an algorithm to
axiomatizepreglanguage specifications directly. One possible answegwias been presented several
times in the literature [18], is that often one does not wargrtcode a language specification with pred-
icates using one with transitions only. Sometimes, spetifins using predicates are the most natural
ones to write, and one should not force a language desigroad® predicates using transitions. (How-
ever, one can write a tool to perform the translation of prafis into transitions, which can therefore
be carried out transparently to the user/language desjghiso, developing an algorithm to axiomatize
GSOS language specifications with predicates directlydgigisight into the difficulties that result from
the first-class use of, and the interplay among, variousstgppredicates, as far as axiomatizability prob-
lems are concerned. These issues would be hidden by enqodidigates as transitions. Moreover, the
algorithm resulting from the encoding would generate asxionvolving predicate-prefixing operators,
which are somewhat unintuitive.

Naturalness is, however, often in the eye of the beholdesréfre, we now provide a more technical
reason why it may be worthwhile to develop techniques thplyajp GSOS language specifications with
predicates as first-class notions, such aptegones. Indeed, we now show how, using predicates, one
can convert any standard GSOS language specificétimo an equivalenpositiveone with predicates
GT.

Given a GSOS language, the systent: ™ will have the same signature and the same set of actions as
G, but uses predicates can(wot for each actiorn. The idea is simply that#cannotfa)” is the predicate
formula that expresses that toes not afford an-labelled transition”. The translation works as follows.

1. Each rule inG is also a rule inG*, but one replaces each negative premise in each rule with its
corresponding positive predicate premise. This meansitHatbecomes: cannota).

2. One adds t@7" rules defining the predicates can@ot for each actior:. This is done in such
a way thatp cannofa) holds inG* exactly wherp - in G, for each closed term and actior.
More precisely, we proceed as follows.
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(a) For each constant symbpland actior, add the rule

f cannota)

whenever there is no transition ruleGhwith f as principal operation and with anlabelled
transition as its consequent.

(b) For each operatioyf with arity at least one and actian let R(f,a) be the set of rules in
G that havef as principal operation and arlabelled transition as consequent. We want
to add rules for the predicate canfiotto G* that allow us to prove the predicate formula
f(p1,...,p) cannota) exactly whenf(py,...,p;) does not afford am-labelled transition
in G. This occurs if, for each rule i®R(f,a), there is some some premise that is not sat-
isfied when the arguments gfarep;,...,p;. To formalize this idea, lefd (R(f,a)) be
the collection of premises of rules iR(f,a). We say that a choice function is a function
¢:R(f,a) = H(R(f,a)) that maps each rule iR(f,a) to one of its premises. Let

negz % 2’) = xzcannofa) and
neqr +) = z %/, forsomer’.

Then, for each choice functiap, we add toG+ a predicate rule of the form

{ned¢(§)) [ € € R(f,a)}

f(z1,...,2;) cannota) ’

where the targets of the positive transition formulae in phemises are chosen to be all
different.

The above construction ensures the validity of the follgMemma.
Lemma 6. For each closed term and actiona,

1. p 59 inGif, and only if,p = p’ in GF;

2. pcannota) in G if, and only if,p % in G+ (and therefore irG).

This means that two closed terms are bisimila6iif, and only if, they are bisimilar irz+. More-
over, two closed terms are bisimilar @i iff they are bisimilar when we only consider the transitions
(and not the predicates canfioy).

The languagé&>+ modulo bisimilarity can be axiomatized using our algorittuithout the need for
the exponentially many initial restriction operators. Tdwversion to positive GSOS with predicates
discussed above does incur in an exponential blow-up in tingoer of rules, but it gives an alternative
way of generating ground-complete axiomatizations fondéad GSOS languages to the one proposed
in [2]. In general, it is useful to have several approachemigls toolbox, since one may choose the one
that is “less expensive” for the specific task at hand. Moeeousing positive GSOS operations, one
can also try to extend the methods from the full version ofgiager [1] (see Section 7.1 in the technical
report available ahttp://www.ru.is/~1luca/PAPERS/cs011994.ps) to optimize these axiomatiza-
tions. We are currently working on applying such methodsdsitjve preg systems with universal as
well as existential predicates, and on extending our topba¢8ordingly.
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7 Conclusions and future work

In this paper we have introduced theegrule format, a natural extension of GSOS with arbitrary pred
cates. Moreover, we have provided a procedure (similargoite in[[2]) for deriving sound and ground-
complete axiomatizations for bisimilarity of systems thadtch this format. In the current approach,
explicit predicates are handled by considering constaiittsessing their satisfiability as summands in
tree expressions. Consequently, there is no explicit pagelP satisfied by a term of shapgc;a;.t;.

The procedure introduced in this paper has also enabledngblernentation of a tool [3] that can be
used to automatically reason on bisimilarity of systems#igel as terms built over operations defined
by pregrules.

Several possible extensions are left as future work. It didnd worth investigating the properties
of positive preg languages. By allowing only positive premises we elimirtheneed of the restriction
operators @5,0) during the axiomatization process. This would enable udetal with more general
predicates over trees, such as those that may be satisfiedrby of the form.t wherea ranges over
some subset of the collection of actions.

Another direction of investigation concerns extending axiomatization theory in order to reason
on the bisimilarity of guarded recursively defined termé#pfeing the line presented in [1].

Acknowledgments. The authors are grateful for the useful comments and suiggegtom Alexandra
Silva and three anonymous reviewers.
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A Sound and supported relations

Definition 9 (Transition relation) A transition relatiorover a signature is a relation~ C T'(X) x A x
T(X). We writet ~> t' as an abbreviation foft, a,t') €~.

Definition 10 (Predicate relation)A predicate relatiomver a signature is a relationoc C P x T'(X).
We write Pt as an abbreviation fof P, t) € .

Definition 11 (3-substitution) A (closed)X-substitutionis a functiono from variables to (closed) terms
over the signatureZ. For a termS, we writeSo for the result of substituting (x) for eachz in S. For
S and Z of the same Iengtk(,§/£’> represents the substitution that replaces b variable ofz by the
i-th term ofS, and is the identity function on all the other variables.

Definition 12 (Rule satisfiability) Consider~» a transition relation,« a predicate relation, andr
a closed substitution. For each (transition, resp. pret#ydormula~y, the predicate~,x,o =7 is
defined as follows:

~,o0 =SS S 2 (So,a,8'0) €~
~, 0 =S A £ Ft.(So,a,t) e~,
~,x,0 =PS £ (P,So) € x,
~yo,0 E-PS & (P,So) ¢ .

Let H be a set of (transition and/or predicate) formulas. We define

oo, EHE (Vy € H) .~ o0 =7y

H ,
Letp = 7 be apregrule. We define

~, 0 ):pé ('\’)70(70' ):H) = ('\’)70(70' ):’Y)

Definition 13 (Sound and supported relationsjonsiderG = (X, R¢) a pregsystemy- a transition
relation overY, andx a predicate relation oveE. Then~ and « are soundfor G iff for every rule
p € R and every closed substitutian we havew, x,o =p.

A transition formulat ~% ¢ (resp. a predicate formul@t) is supportedby some rulep = — € R iff
Y

there exists a substitution s.t.~, o, =H andvyo =t % ' (resp.yo = Pt). Relations~> and o« are

supportedy G iff each of their (transition, resp. predicate) formulasaupported by a rule iR .

Lemma 7. For eachpregsystent there exists a unique sound and supported transition @hatnd a

unique sound and supported predicate relation.

Proof. We start by showing thatt € T'(X¢), the following sets exist and are uniquely defined:
~ () ={(a,t) |t St ac Ay andx(t) = {P | Pt, P € P}

Lett = f(t1,...,tn) € T(Xq). In order to determine- (¢) andoc(t), we exploit the properties:
H

f(@ = Clz,7)
(@ U(SL’Z) =1; (V’L S {1,...,n})

(b) C[Z,ilo =t

1. (a,t') e~ (¢)iff IR = € R* ando a substitution s.t.:
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(©) Va; —% yy; € H, it holds that(a,;, o (y;;)) €~ (t;)
(d) Va; —»€ H, it holds thatZt!.(b, /) €~ (t;)

(e) YPx; € H, it holds thatP;; € o<(t;)

(f) V—|Pl-jwl- € H, it holds thatHj ¢ OC(tZ)

2. Peo(t)iff 3R = € R” ando a substitution s.t.:

H
P(f(@))

(@) o(x;) =t; (Vie{1,...,n})

(b) Va; —% y;; € H, it holds that(a;;, o (yi;)) €~ (t;)

(C) Va; %€ H, it holds thatt,.(b,t)) e~ (t;)

(d) VYP;jz; € H, it holds thatP;; € o(t;)

(e) V-P;x; € H, it holds thatP;; & o(t;)
We further determine- (¢) andoc(¢) by induction on the structure of

e Base case:f is a constant symbol. For this case, conditidn$ (1a) Bdd-(If)are all satisfied.
Moreover, there are no occurrences of variables in thetiasgehe target has to be a closed term
C'. Therefore, we také = C and considefa,t’) an element of the relation- (¢). Similarly for
the predicate rules P € ().

e Induction step:t = f(t4,...,t,). By the inductive hypothesis, the sets (¢;) and oc(¢;) exist
(Vi € {1,...,n}). So, identifying all the substitutions that satisfy the conditions 0 1. afdl 2.
would suffice to determine the elementssin(t) ando(t), respectively.

According to the reasoning above, it is obvious thatt) and(t) are unique. Now takesc =
{(t;a, ") |t €T (X)), ac Aand(a,t’) e~ (t)} andx g = Uyep(s,)x(t) x {t}. It follows immediately
that, by construction, boths and x ¢ are unique, sound and supported. O

B Proof of Lemmal2

Proof. The reasoning is by induction on the structuré.of
Base cases

—t=0=1t' =0 (h.nf) = Egrptt =t (by reflexivity)
—t=kp =1t =kp (h.nf) = Eprptt =t’ (by reflexivity)

Inductive step cases
—t=a.t'; t' has a simpler structure thanso, by the inductive hypothesist| in h.n.f. s.t.Egrpt ¢’ =1¢].
Ast is a congruencebgrp - a.t’ = a.t}, SOEgtp ¢t = a.t}. Now, P(t) holds for some predicat® iff
P(t') and P € PZ. Sincet, is the h.n.f. fort, it has the summanap for eachP s.t. P('). By using
the instance of A5) for those predicate® satisfied byt’ for which there is a rule of forniri;) for P,
we add axp summand to the h.n.f. far We obtain, thereforegrp -t = a.t) + ZjGJ #p; Which is in
h.n.f., where{P; | j € J} is the set of predicates iR’ that are satisfied by .
—t =t +1g, 503}, th inh.nf. st.Errptt; = t),i € {1,2}. By the congruence of we haveErtp -
t1+to =t +th. Using (A1), (Asz), we inferEgrp b t1 + to = t}5, which is in h.n.f. (we could detaliate
by splitting t’1,2 into “action summators” and “witness sumators”).

]
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C Proof of Theorem(1

We first introduce a lemma that will be used in our proof:
Lemma 8. LetG be apregsystem. If

o t1,ty €T(Ng) st.ty B tiffto & tforall a € Aand forallt € T(Xq)
e Pty iff Pty foranyP € P

thenty ~ ts.
Proof. Follows directly from Definitiod B and the reflexivity f. O
We further continue with the proof of Theorém 1.

Proof.

The soundnesEfrp - s =t = s ~ t) follows in a standard fashion.
Provings ~ t = Eptp - s =t [completeness]

Let us first define the functioheightthat computes the height of the syntactic tree associataddon
t e T(Zrrp):

0 if t € {6}U{rp|PeP}
heigh(t) = { 1+ max(heightt;),heightt,)) if t =t -+t
1+ height#) if t =a.t/

Note that we may assume (by Lempia 2) thatare in head normal form.
We prove the property by induction il = max(height(s), heightt)).

Base case

either s=t =190, SOEptpFs=t

.M:O:{ ofr s=t=xp, SOEFTpFs=t

Inductive step cagé/ > 0) We show that = s+¢. In order to do that we argue that each summand of
s is provably equal to a summand tof

e leta.s’ be asummand of = s i> s'. As s ~t, it follows thatt = ¢’ for somet’ ands’ ~ t’. Now
max(height(s'), heightt')) < M 2% Egrp - s’ = ¢/, henceEerp - a.s' = a.t’;

e let kp be a summand of (Ps holds). Ass ~ t, Pt. t is in h.n.f., therefore: p is also a summand
of t.

So, every summand afcan be proved equal to a summand,B0ErrpHt = s+t. (¥)
By symmetry it follows that = ¢ + s (**).

By (*,**), the congruence of- and(A; — As), we haveEgrpt s =t. O

Notice that we do not explicitly use4;) when proving the completeness of the axiom sysie#p.
This is because we work with processes in h.n.f.
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D Axiom (Ay), a schema with infinitely many instances

In what follows we provide a finite family of axioms that camplace(Ay):

dp.o(a.0) =6ifac B (A1)

05 oanp) =4 1P if a € Band(P € PT andP ¢ Q anda € Ap) (Ag5)
B,o\a-Fp) = § ifacBand(P¢PlorPeQorad Ap) 92

Og,ola.b.x) =040(z)ifacB (Ag3)

og,ola.(x+y)) =0p,ola.x) +0polay)if acB (Ag4)

Figure 6: Axioms replacingAy)

Note that replacingAg) with (Ag.1) — (Ag.4) does not affect the validity of the statements in Theo-
rem(2.

Soundness (statemént 1) follows in a standard fashionlasitoi Theoreni 1.

In order to prove statemehnt 2 we proceed as follows. Assuine tree term and € B. We prove
that there is a h.nf s.t. E21p - 95.0(a.t) = t', using(Ag 1) — (Ag 4). The result follows by induction
on the structure of:

e t=4. Thenus€Ayg ).

e t =rp. Then usgAg ).

e t=0.t". Use(Ag3) and induction.

t =t +ty. Use(Ag 4) and induction.

E Proof of Theorem([2

Proof.

ProvingEZ;p - s = t = s ~ t [soundness]

The property follows directly fofAs 7 3) because neither the Ihs, nor the rhs terms can “advance” with
actions and their (in)satisfiability of predicates is gasheckable.

Take(Ay). Lets = 9p,0(a.5), witha € B. Prove that ~t = 3" g p(o.5) kP

e Asa c Bitfollows thats %. Also s % for anyb € Act,b # a. Ast is a sum of constant$,ﬁbu> for
anyt € Act

o If Ps 22 p ¢ Q and P(a.5). ThenPt also holds becausep is one of its summands. For the
other direction, ifPt, thenP(a.5) andP & Q Tis, P(0B,0(a.5)).

Therefore, by Lemmia 8, it follows that~ .

Take(Ao). Lets = 9p,0(a.5) anda & B. Prove thats ~ t = 9 o(a.5).
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o If s % s for some fixedb € Actands’ € S, then by(rlg), it follows thatb & B, s' = 0y o(s”),
anda.s % s”. It follows b = a, s” =3, and, therefores = 9p,0(a.3) = 9p.o(3). Now, does
t=0po(as) 4 dp.o(5) hold ? Yes, it does, becauseZ () and(rls) can be used. Similarly for

t oy,
o If P(s = 5.0(a5)), then™ P ¢ Q andP(a.5) "2 P(.o(a.5) =1). Similarly for Pt.

Therefore, by Lemmia8, it follows that~ ¢.
Take(A;1). Lets = Jy o(a.5). Prove thak ~ t = a.0y gpz(3).

o If s % s’ for some fixedb € Actands’ € S, then by(rls), it follows thatb & B, s' = 9y grpz(s”),
anda3 2 s”. It follows thatb = a, s” =3, and, therefore = d.o(a3) S 9. oupz(3). Now, by
(rly) it holds thatt = a.9gpz (5) % Dgrpr(3). Similarly for ¢ 2 ¢/,

o If P(s =0y o(a5)), then™ P ¢ QandP(a:5) "2 P e PT andP5 2 P € P andP (g pz (5))

(gg P(a.0gqpz(5) =t). Similarly for Pt.

Therefore, by Lemmia 8, it follows that~ .

Take(Ai2). Lets = 0p,o(s1+ s2). Prove thats ~ t = 0p o(s1) +95,0(52).

e If s % & for some fixedn € Actands’ € S, then by(rls), it follows thata & B, s’ = 9y o(s"),
ands; + sz — s”. Thens; = s” or s, % s” (by (rl2,3)), S008,0(s1) = 9p.0(s") Or Op,0(s2)
dp.o(s") (by (rls)). Finally () 98.0(s1) +0B.0(s2) = s'. Similarly fort % ¢,

e Also, if Ps for some fixedP € P, then by(rly) it follows that P ¢ Q and P(s; + s2). Then by

(rla3) and (rly) it follows that P(9.0(s1)) of P(95.0(s2)). Finally ©22 P(9 o(s1 + s2)).
Similarly for Pt.

Therefore, by Lemmia8, it follows that~ ¢.

We have covered all the possibilities, B8;p is sound for bisimilarity o’ (X2;p).
ProvingVvt € T(S2tp),3t' € T(Setp) s.t. Edrp -t =1/

Note that in order to prove the statement above, it sufficebioev thatE2, can be used to eliminate all
the occurrences @f from 9 o(t), for all closed terms € T'(Xg1p), WwhereB3, Q are two sets of restricted
actions and, respectively, predicates. We proceed bytstaignduction on the structure of

Base cases

o t=5 DY EL 1 950(8) =4

(

kp FPZQ"

Inductive step cases
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ot =1t +1 (dip) OB,o(t1 +1t2) = 0p,0(t1) + 0B,0(t2). Botht; andt, are subterms of, so, by

_ 4/
the inductive hypothesisit;,t, € T(Xgrp) such thatE2,p - { giz&; - 2 L e

OB,o(t1)+ 0B o(tz) =t +th € T(Serp);
o t=ua.t'

A
e e BLY 950(at) = Y pyo pas ip € T(SeTe);

o agB AW Op,0(at’) =0y o(at) () a.0y orypz (). Ast' is a subterm of, by the induc-

tive hypothesis it follows thafit” € T'(Serp) s.t. Edrp - a.0gpz (') = a.t” € T(Serp).

We have covered all the possibilities, B eliminates all the occurrences @from terms in7(S2p).
O

F From general preg to smooth and distinctive

Given an arbitrarypreg (-ary operationf, producing a family of smooth and distinctive operationg-ca
turing the behaviour of consists of the following steps.

Transforming general preg to smooth operations. According to Definitior[ 5, an operatiofi is not
smooth if there exists (at least) one rupléor f that matches (at least) one of the following conditions:

e there are clashes between the dets/—,.J " and.J
e there is a positive position that has multiple transitionthat satisfies multiple predicates or
e pis atransition rule that contains in its target variablegpositive positions.

By way of example, a rule satisfying all the items above is:

_mi>y1 acgyg :U—ﬁl» Pix Pox —Psx
flz) S z+uy

Given a non-smooth operatiofy identifying a smooth functiorf’ that captures the behaviour ¢f
implies “smoothening” all the rules of. For the rulep given above, a convenient smooth rylés:

b d
)T Sy 22 >y2 x3+» Piag Py —Pyzg
fl(@1,20,23,24,25,26,27) = 7+ 1
Note that the equatiofi(z) = f’(z,z,z,z,z,2,z) holds and allows us to relate the behaviouifafith
the one of its smoothened version.

Let G be anpreg system andf a non-smootH-ary function forGG. The smoothening mechanism
consists of the following steps (similar to thoselin [2]):

1. Determinel’ — the arity of f/, the smooth version of. We start by counting how many fresh
variables are needed for each position {1,...,1}.

For eachpregrule p for f (matching the format in Definitionl 1) and eacim {1,...,1}, we first
define a “barb” value3(p, i), as follows:

B(p,i) = |I;"|+|J; |+ C1 + Cs
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where
0, ifB,=9,=0
Ci=<{ 1, if (Bi=0andQ; #0)or(B; # 0 andQ; = )
2, if B;#£0andQ; # 0
and

Co— 0, if x; is notin the target of the conclusion
271 1, if a;isinthe target of the conclusion

Note that if p is smooth, ther{Vi € {1,...,1}).B(p,i) < 1. Symmetrically, ifp is non-smooth,
then(Ji € {1,...,1}).B(p,i) > 1.

The number of variables needed for eaeh{1,...,l}) is
B(f,i)=maXxB(p,i)|pisaruleforf}.

We conclude that the arity of the functigiiis I’ = > i1 B(f.9).

. Determine the smooth rulgs for f’, based on the ruleg for f. Considerp a rule for f, w =

WLy s WIB(f,1)s+ -+ WL, -+, WB(f,1) & VECtor ofl’ different fresh variables (that do not occur in
p), and consider a substitutianw;; — x;] mapping eachw;; to x;,i € {1,...,1},7 € {1,...,n;}.
Let o’ be a smoottpregrule with the principal operatiorf’, such that with the exception of their
sources (resp. tests, for the case of predicate riyié8) and f'(w), p/7[w;; — z;] and p are
identical (note that this rule always exists). Théiis the smooth version of.

. Show thatf and f’ have the same behaviodrhis result is a consequence of the following lemma

(similar to Lemma 4.12 i [2]):

Lemma 9. Suppose= is apregsystem, and = f(z) and S’ = f/(¢) are terms inT(X¢) with
variables that do not occur iR ;. Suppose that there exists a 1-1 correspondence betwess rul
for f and rules forf’ such that, whenever a rujefor f is related to a ruley’ for f/, we have that
p(Z/%) and p'(¥/y) are identical with exception of:

e their sourcesf (%) and, respectivelyf’(), if p andp’ are transition rules
e their testsf () and, respectivelyf’ (i), if p andp’ are predicate rules
Then

is sound for bisimulation off'(X).

The proof is a slightly modified version of the proof in [2]:

Proof. ConsiderG’ J G ando a closedX—substitution. We have to prove that= f(Z)o ~
(@) =4¢,le:

(@) (VP €P).Ps < Ps.

(b) (Vac A).s Htes' St

Case (a) &". AssumePs. We prove that”s’ holds.
As X, —¢ are supported by?’, R contains a rulep = %
substitutionr s.t.:

(1) I><GV,—>G1,T):H
) f(@)7r=s

and there exists &q—
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We know thatG’ is a disjoint extension of7, thereforep is also a rule ofG. So, there is’ =
P @rule of R C Ry st H(2/&) = H'(5/5) ().
Asin [2], Lemma 4.12, we considef a X —substitution defined as follows:

if w occurs inZ or ¥
(w) :{ o(w) w Z or ¥

T(w) otherwise

and claim that for all variables that do not occur it or v, (7' o (Z/Z))(w) = 7(w). At this point
we infer:

(1) = xgr,—qr, 7 = H =(variables ofH do not occur irZ or )

X, —q,T o (Z/Z) = H =-(general property of)

Xar, =, T | H(Z/Z) =(by (*))

Xa,—q,T | H'(U/y) =(general property of=)

X, —qr, T o (U/Y) = H' =(soundness ok ¢ for p')

Xar, =T o (U/Y) E P(f'(Y) =

Xa,—a,T | P(f (7)) =(def. )

(P, f'(V)7") € xr =(7' =0c on¥)

(P, f'(¥)o) € x g, SOPs" also holds.

For the case (b)=", the reasoning is the same aslin [2], Lemma 4.12.
Cases (a)&" and (b) “<” are symmetric. O

The following lemmais a straightforward result of the snin@sting procedure presented in stéps (1.)—
@):
Lemma 10. ConsiderG a pregsystem angf a non-smooth-ary operation forG. Then there exists
G’ 3 G with f’ a smooth’-ary operation for somé', and there exist two vectors of variabl€sand v
such that
f(2) = f(v)

is sound for bisimulation off'(X ), for all the pregsystems=” disjointly extending=’.

Transforming smooth to smooth and distinctive operations. Given a smooth, but not distinctive,
operationf’, we next identify a family of smooth and distinctive opevas f1,..., f, that “capture the
behaviour off’”.

The procedure is identical to the one described in [2], 8rcli.1.5. We considéRg,..., o a
partitioning of the set of rules fof’ such that for ali € {1,...,n}, f’is distinctive in thepreg system
(Ea,Re \U,-t= RY). Note that this partitioning always exists; in the worstecaach partition would

#1
be a singletorzl set.
Consideryy, = Xg U{f{,.... f,}, wheref,..., f; are fresh/’-ary operation symbols. Consider

R =R U {7~22G lie{l,...,n}}, Whereﬁlg is obtained fromRY, by replacingf’ in the source with
/1. LetG’ = (X}, R¢;). Note thatG’ is a disjoint extension of?. It is trivial to check that

@) =A@+ + @)

is sound for bisimilarity orf’(3(,).
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Lemma 11. ConsiderG a pregsystem and’ a smooth/-ary operation forG. Then there exist’ 1 G
and f1,..., f, smooth and distinctiveary operations foiG’ such that

f(@) = fU@) + ...+ fn(@)

is sound for bisimulation off’ (X ), for all the pregsystems=” disjointly extending=’.

G A possible approach to handle implicit predicates

So far the current framework handles implicit predicatedaupees i.e., terms over the grammdr](1)).
For the case of arbitrargreg operationsf we encountered some problems when proving the soundness
of the action lawf (X) = ¢.C[X, 7] used in the head-normalization process.

Consider the closed instantiatioh = 5, § = ¢ and assume that(f(3)) holds for some predicate
in PZ. ThenP(c.C[5,t]) should also hold, so we should hak¢C'[5,t]). One possible way of ensuring
this property syntactically would be to stipulate some @siracy requirements.

Consider, for instance, a scenario in which a transitioe foit f has the conclusiogﬁ( X)S CIX, 7
and there is a predicate rque— If there is a derivable predicate rule (ruloi d C[X 7 with H' C H
then this would ensure that if the left-hand side of the actiov satisfies” then so does then right-hand
side. A symmetrical consistency requirement can be fortedlto ensure thaP(f(s)) holds whenever
P(c.C[5,t]) holds.

Note that for certain restrictegreg systems these consistency requirements are guaranteda(é by t
format of the rules. This is the case of gregtransition rules with “CCS-like” conclusionse., C'[ X, 7]
is a variable or it is of the formg(z1, ...., 2, ).

H Proof of Theorem[3

Proving [soundness]

Proof. Let f € X« be a smooth and distinctive operation with the arguments, , ... ,¢; as closed terms
overXa.

Distributivity law.

Leti € L be a positive position fof (every rule forf testsi positively) witht; = ¢, +¢/. We want
to argue that the distributivity axiom fgf is sound for positiori.

Assumedp € R* (of the form [1)) such thaf (t1,...,t; +t7,...,t;) < t for somet. Then there
are an action rulep and a closed substitution such that(a) o satisfies the premises of and (b)
fty,....th+t ... t;) 5 tis obtained by instantiating the conclusionoWith o. Sincef is smooth
and distinctive; is a positive position foyf, andp is a rule forf, we infer that there is a positive premise
foriinp,ie.ic I;f U J[jf. In either case, we may assume, without loss of generdiigy,the positive
premise is satisfied by,. Takeo’ = o[z; — t;]. Theno’ satisfies the premises pfand proves that
flta,..th.. 1) 5 t. This is where we actually make use of the restriction #pto not occur in
the target of the conclusion of (Definition[8). Therefore, the right hand side of the instadt the
distributivity law also has the transition tahat performs:.

We follow a similar reasoning fof (t1,...,t},....,t;) + f(t1,...,t1 ... t) S t.
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The case in whicllp € R” (of the format[(2)) such thal(f(t1,...,t;+t/,....t)) is also handled
similarly (it is actually easier).
We conclude that

Jtr, ottt ~ ft, ot t) + [, ).

Action law. Let p be a transition rule (of the formdil(1)) fgts.t. ¢1,...,#; match the restrictions the
over the arguments gf in Definition[8[2, and, be the corresponding closed instantiatiorC6# , 7.
Obviouslyc.t. can only perform action and reacht., andc.t. does not satisfy any predicate. By the
hypothesis we know thatis a rule of f, so f can also perforna and reach the santg.
Next we want to prove that is the only rule that applies fof (i.e., f(f) cannot perform any other
action and does not satisfy predicates). Assume there gxjtsp for f, that can be applied. Ag is
smooth and distinctive it follows that one of the followingltis:

1. Jierf ﬁI;C # (0 s.t.a; # o} — case in which' cannot be applied, sin¢g= a;.t; can only perform
actiona;;

2.3dieJin J;? # () s.t. P, # P! — case in whichp’ cannot be applied, sinde = xp, only satisfies
B

3. Jdie I;F N J;? # () — but this cannot be the case singe- a;.t; does not satisfy any predicate;

4. JieJn I;? # () — but this cannot be the case sirige- x p, does not perform any action.

We thus reached a contradiction.
We conclude that

f@) ~ct,.

Predicate law. Let p be a predicate rule (of the formél (2)) férs.t. ¢4, ... ,t; match the restrictions over
the arguments of in Definition[8[2.

Obviously thatx p does not perform any action, and only satisfiesBy following a similar reason-
ing to the one for the case attion laws we show that there is no rufé # p that applies forf. So, f ()
does not perform any action, and does not satisfy any predissides”.

We conclude that

—

f(X)~kp.

Deadlock law. The soundness follows immediately from the restrictiongdsed by Definitiof8]3. [

Proving head normalization

Proof. The result is an immediate consequence of the followingrtlai
Claim Let f € ¥ be a smooth and distinctive operation with the argumeénrts;, ..., t; as closed terms
overY; in head normal form. Then there exists a closed teower X; in head normal form such that

Eqk f(1) =t.
The proof follows by induction on the combined sizetgf.. . ,¢;. We perform a case analysis:

1. (@i € L positive for f) . t; = t; +t!. We apply the distributivity law and the inductive hypotises
2. (@i € L positive for f) . t; = 0. We apply a deadlock law.

3. (Vi € L positive for f) . ¢; is either of the formu,.t; or kp,.
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(@ peRforf).((3j€l)) . tj=ad}t(a;#a;)ort;= I{p]{) or((3j € J) . tj=dal.t; or
tj = Kpr (P]f # P;)) = we can apply a deadlock law.

(b) (@peRfor f). ((Vje L)) tj=a;t;)and((Vj € JS) . t; = wp)).
Remark that, by the distinctiveness fifp is the only rule that could be firg@). In order to
prove this, assume, for instancgy’ # p that could applied. IiT;r = J;F = () then this comes
in contradiction with the second item of Definitibh 7. On thhey hand, ifI;r # () then one
of the following holds:

(Fkerf OI;C # 0) . a, # aj, — case in whiclp’ cannot be applied, sinag can only

fire ay;

e dk € I;F N J;? # () — case in which we reach a contradiction, since by hypothesis

know that(V; € I;f) 1= aj.t;- which does not satisfy any predicate.

The reasoning is similar fo]‘;r # (). Sop is the only rule that can be applied fér
We further identify the following situations:

(ke T;)  ty=btl,+t(beB)or (Fk € J;) .ty =1t,+ ko (Q € Q) =% we can

apply a deadlock law. '
(Vkel,UJ)) . t= Zielaf‘g.tﬁ;rzjempg st.{a, |ieI}NBy=0and{P]|je

JIN Q. =0.

Recall the operatod is used to specify restrictions on the actions performedaarah

the predicates satisfied by a given term. Therefore, fomatgsatisfying the conditions

in the hypothesis, it is intuitive to see that= 0z o(tx). In what follows, we provide

an auxiliary result formalizing this intuition:

Lemma 12. ConsiderG; J FTP apregsystem and ater= ", a;.ti+> ;s kp, €
T(X¢) in h.nf. LetB and Q be two sets of restricted actions and predicates, respec-
tively. If {a; | i€ I}NB=10 and{Pj |jeJNQ=0then Ecg-l—pl—t: 657Q(t).

Proof. The proof follows immediately, by induction on the struetaft and by applying
the axioms dg) — (A12). O

In these conditions, according to Lemima 12, it holds thate 17U J") .t = 05,0, (tr)-
Therefore, all the requirements for applying a trigger laevmaet: ifp € R then apply
the action law forp, and ifp € R” then apply the predicate law fpr

This reasoning suffices to guarantee tBatis head normalizing. O

| Proof of Lemmall

Proof. Lett,t' € T'(Xgrp,) s.t. (Vn € N).t/c" =1'/c". We have(Vn € N).t/c" ~t'/c" and we want
to prove that ~ t’. In other words, we have to build a bisimulation relati®rc T(EFTP/) X T(ZFTP/)

s.t. (¢t,t') € R.

First we make the following observations:
1. vte T(ZFTP/) it holds thatt is finitely branching (by Lemmi 1);

2. ift/c" ~t'/c" then(YP € P).(Pt < Pt'), wheret,t’ € T(Xgrp,) andn € N (the reasoning is as
follows: if t/c™ ~t' /¢ then by the definition of bisimilarity it holds th&(¢/c") < P(t'/c"), so
by (rl11) it follows that Pt < Pt’).
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Next we show that the relatioR C T(EFTP/) X T(EFTP/) defined as
(t,t') € Riff (YyneN).t/c" ~t'/c"
is a bisimulation relation.
Assume(t,t') € R andt % t; and forn > 0 defineS, = {t* |t % t* andt, /¢ ~ t*/c"}. Note that:

e 51D 8y D...,asty /" ~tF )t =ty /et ~ t* /" (the latter implication is straightforward
by the definition of bisimilarity and byrig), (rl11));

e (Vn >0).S, # 0, since by the definition oR we have that, /c"*! ~ t*/c**1, andt % ¢, ac-
cording to the hypothesis;
e eachS,, is finite, ast’ is finitely branching[{LL.).

At this point we conclude that the sequengg.Ss,...,.S,,... remains constant from someonwards.
Thereforen,,~oS, # (). Lett' be an element of this intersection. We have thaf ¢}, (t1,#;) € R and
(VP € P).Pt =g, Pt’ (&). We follow a similar reasoning for the symmetric cases ¢} and show
that3t; s.t.t % ¢y, for (t;,¢)) € Rand(VP € P). Pt =@, Pt (#). By (%) and @) it follows that R
is a bisimulation relation, s@,t') e R=t ~t'. O
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