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Abstract. Ready simulation has proven to be one of the most significant
semantics in process theory. It is at the heart of a number of general results
that pave the way to a comprehensive understanding of the spectrum
of process semantics. Since its original definition by Bloom, Istrail and
Meyer in 1995, several authors have proposed generalizations of ready
simulation to deal with internal actions. However, a thorough study of
the (non-)existence of finite (in)equational bases for weak ready simulation semantics is still missing in the literature. This paper presents a complete account of positive and negative results on the axiomatizability of
weak ready simulation semantics over the language BCCSP. In addition,
this study offers a thorough analysis of the axiomatizability properties of
weak simulation semantics.

1 Introduction
Process algebras, such as ACP [9, 11], CCS [33] and CSP [28], are prototype
specification languages for reactive systems. Such languages offer a small, but
expressive, collection of operators that can be combined to form terms that describe the behaviour of reactive systems.
Since the seminal work by Bergstra and Klop [11], and Hennessy and Milner [27], the search for (in)equational axiomatizations of notions of behavioural
semantics for fragments of process algebras has been one of the classic topics of investigation within concurrency theory. A complete axiomatization of a
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behavioural semantics yields a purely syntactic and model-independent characterization of the semantics of a process algebra, and paves the way to the application of theorem-proving techniques in establishing whether two process
descriptions exhibit related behaviours.
There are three types of ‘complete’ axiomatizations that one meets in the literature on process algebras. An (in)equational axiomatization is called groundcomplete if it can prove all the valid (in)equivalences relating closed terms, i.e.
terms with no occurrences of variables, in the process algebra of interest. It
is complete when it can be used to derive all the valid (in)equivalences. (A
complete axiom system is also referred to as a basis for the algebra it axiomatizes.) These two notions of completeness relate the semantic notion of process,
namely an equivalence class of terms, with the proof-theoretic notion of provability from an (in)equational axiom system. An axiomatization E is ω-complete
when an inequation can be derived from E if, and only if, all of its closed instantiations can be derived from E. The notion of ω-completeness is therefore a
proof-theoretic one. Its connections with completeness are well known, and are
discussed in, e.g., [4].
In [23], van Glabbeek studied the semantics in his spectrum in the setting
of the process algebra BCCSP, which is sufficiently powerful to express all finite synchronization trees [33]. In the aforementioned reference, van Glabbeek
gave, amongst a wealth of other results, (in)equational ground-complete axiomatizations for the preorders and equivalences in the spectrum. In [17], two
of the authors of this paper presented a unification of the axiomatizations of
all the semantics in the linear time-branching time spectrum. This unification
is achieved by means of conditional axioms that provide a simple and clear
picture of the similarities and differences between all the semantics. In [25],
Groote obtained ω-completeness results for most of the axiomatizations presented in [23], in case the alphabet of actions is infinite. The article [4] surveys
results on the existence of finite, complete equational axiomatizations of equivalences over fragments of process algebras up to 2005. Some of the recent results
on this topic may be found in [5, 6, 8].
In the setting of BCCSP, in a seminal journal paper that collects and unifies
the results in a series of conference articles, Chen, Fokkink, Luttik and Nain
have offered in [15] a definitive classification of the status of the finite basis
problem—that is, the problem of determining whether a behavioural equivalence has a finite, complete, equational axiomatization over the chosen process
algebra—for all the semantics in van Glabbeek’s spectrum. Notable later results
by Chen and Fokkink presented in [14] give the first example of a semantics—
the so-called impossible future semantics from [40]—where the preorder defining
the semantics can be finitely axiomatized over BCCSP, but its induced equivalence cannot. The authors of this paper have recently shown in [2] that complete
simulation and ready simulation semantics do not afford a finite (in)equational
axiomatization even when the set of actions is a singleton.
The collection of results mentioned in the previous paragraph gives a complete picture of the axiomatizability of behavioural semantics in van Glabbeek’s
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spectrum over BCCSP. However, such notions of behavioural semantics are concrete, in the sense that they consider each action processes perform as being
observable by their environment. Despite the fundamental role they play in
the development of a theory of reactive systems, concrete semantics are not
very useful from the point of view of applications. For this reason, notions
of behavioural semantics that, in some well-defined way, abstract from externally unobservable steps of computation that processes perform have been proposed in the literature—see, e.g., the classic references [21, 24, 27], which offer,
amongst many other results, ground-complete axiomatizations of the studied
notion of behavioural semantics. Following Milner, such notions of behavioural
semantics are usually called ‘weak semantics’ and the symbol τ is used to describe an unobservable action. However, to the best of our knowledge, no systematic study of the axiomatizability properties of variations on the classic notion of simulation semantics [31] that abstract away from internal steps of computation in the behaviour of processes has been presented in the literature. This
is all the more surprising since simulation semantics is very natural and plays
an important role in applications.
The aim of this paper is to offer a detailed study of the axiomatizability
properties of the largest (pre)congruences over the language BCCSP induced
by variations on the classic simulation preorder and equivalence that abstract
from internal steps in process behaviours. We focus on the (pre)congruences
associated with the weak simulation and the weak ready simulation [12, 29]
preorders. For each of these behavioural semantics, we present results on the
(non)existence of finite (ground-)complete (in)equational axiomatizations. Following [17], we also discuss the axiomatization of those semantics using conditional equations in some detail.
We begin our study of the weak simulation semantics over BCCSP in Section 3 by focusing on the natural extension of the classic simulation preorder to
a setting with the internal action τ. We show how to lift all the known results on
the (non)existence of finite (ground-)complete axiomatizations from the setting
of the classic simulation semantics to its weak counterpart using, for instance,
the approach developed in [6].
In Section 4, we study the notion of weak ready simulation, namely a weak
simulation that can only relate states that afford the same sets of observable
actions. The finite axiomatizability of this semantics depends crucially on the
presence of an infinite set of observable actions. Indeed, if the set of actions is
infinite, we offer finite (un)conditional (ground-)complete axiomatizations for
the weak ready simulation precongruence. In sharp contrast to this positive
result, we prove that, when the set of observable actions A is finite and nonempty, the (in)equational theory of the weak ready simulation precongruence
over BCCSP does not have a finite (in)equational basis.
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2 Preliminaries
To set the stage for the developments offered in the rest of the paper, we present
the syntax and the operational semantics for the language BCCSP, some background on (in)equational logic, and classic axiom systems for strong bisimulation equivalence and observational congruence [33].
Syntax of BCCSP BCCSP(Aτ ) is a basic process algebra for expressing finite
process behaviour. Its syntax consists of closed (process) terms p, q, r that are
constructed from a constant 0, a binary operator _ + _ called alternative composition, or choice, and unary prefix operators α_, where α ranges over some set Aτ of
actions of the form A ∪ {τ }, where τ is a distinguished action symbol that is not
contained in A. Following Milner, we use τ to denote an internal, unobservable
action of a reactive system, and we let a, b, c denote typical elements of A and α
range over Aτ . The set of closed terms is named T(BCCSP(Aτ )), in short T(Aτ ).
We write |A| for the cardinality of the set of observable actions.
Open terms t, u, v can moreover contain occurrences of variables from a
countably infinite set V (with typical elements x, y, z). We use T (BCCSP(Aτ )),
in short T (Aτ ), to denote the set of open terms. The depth of a term t is the
maximum nesting of prefix operators in t.
In what follows, for each non-negative integer n and term t, we use an t to
stand for t when n = 0, and for a( an−1 t) otherwise. As usual, trailing occurrences of 0 are omitted; for example, we shall usually write α in lieu of α0.
A (closed) substitution maps variables in V to (closed) terms. For every term
t and substitution σ, the term σ (t) is obtained by replacing every occurrence of
a variable x in t by σ ( x ). Note that σ (t) is closed if σ is a closed substitution.
Transitions and their defining rules Intuitively, closed BCCSP(Aτ ) terms represent
finite process behaviours, where 0 does not exhibit any behaviour, p + q is the
nondeterministic choice between the behaviours of p and q, and αp executes action α to transform into p. This intuition is captured, in the style of Plotkin [36],
by the simple transition rules below, which give rise to Aτ -labelled transitions
between closed terms.
x −→ x ′
α

α

αx −→ x

α

x + y −→ x ′

y −→ y′
α

α

x + y −→ y′

The operational semantics is extended to open terms by assuming that variables
do not exhibit any behaviour.
α
The so-called weak transition relations =⇒ (α ∈ Aτ ) are defined over T (Aτ )
in the standard fashion as follows.
τ

τ

– We use =⇒ for the reflexive and transitive closure of −→.
a
– For each a ∈ A and for all terms t, u ∈ T (Aτ ), we have that t =⇒ u if, and
τ
a
τ
only if, there are t1 , t2 ∈ T (Aτ ) such that t =⇒ t1 −→ t2 =⇒ u.
a

For each term t, we define I ∗ (t) = { a | a ∈ A and t =⇒ t′ for some t′ }.
4

Preorders and their kernels We recall that a preorder - is a reflexive and transitive
relation. In what follows, any preorder - we consider will first be defined over
the set of closed terms T(Aτ ). For terms t, u ∈ T (Aτ ), we define t - u if, and
only if, σ (t) - σ (u) for each closed substitution σ.
The kernel ≈ of a preorder ≈ is the equivalence relation it induces, and is
defined thus: t ≈ u if, and only if, (t - u and u - t). It is easy to see that the
kernel of a preorder - is the largest symmetric relation included in -.
Inequational logic An inequation (respectively, an equation) over the language
BCCSP(Aτ ) is a formula of the form t ≤ u (respectively, t = u), where t and
u are terms in T(Aτ ). An (in)equational axiom system is a set of (in)equations over
the language BCCSP(Aτ ). An equation t = u is derivable from an equational axiom system E, written E ⊢ t = u, if it can be proven from the axioms in E using
the rules of equational logic (viz. reflexivity, symmetry, transitivity, substitution
and closure under BCCSP(Aτ ) contexts).
t=t

t=u
u=t

t=u u=v
t=v

t=u
σ ( t) = σ ( u)

t=u
αt = αu

t = u t′ = u′
t + t′ = u + u′

For the derivation of an inequation t ≤ u from an inequational axiom system
E, the rule for symmetry—that is, the second rule above—is omitted. We write
E ⊢ t ≤ u if the inequation t ≤ u can be derived from E.
It is well known that, without loss of generality, one may assume that substitutions happen first in (in)equational proofs, i.e., that the fourth rule may only
be used when its premise is one of the (in)equations in E. Moreover, by postulating that for each equation in E also its symmetric counterpart is present
in E, one may assume that applications of symmetry happen first in equational
proofs, i.e., that the second rule is never used in equational proofs. (See, e.g., [15,
page 497] for a thorough discussion of this notion of ‘normalized equational
proof.’) In the remainder of this paper, we shall always tacitly assume that equational axiom systems are closed with respect to symmetry. Note that, with this
assumption, there is no difference between the rules of inference of equational
and inequational logic. In what follows, we shall consider an equation t = u as
a shorthand for the pair of inequations t ≤ u and u ≤ t.
The depth of t ≤ u and t = u is the maximum of the depths of t and u.
The depth of a collection of (in)equations is the supremum of the depths of its
elements. So, the depth of a finite axiom system E is zero, if E is empty, and it is
the largest depth of its (in)equations otherwise.
An inequation t ≤ u is sound with respect to a given preorder relation - if
t - u holds. An (in)equational axiom system E is sound with respect to - if so
is each (in)equation in E.
Classic axiomatizations for notions of bisimilarity The well-known axioms B1 –B4
for BCCSP(Aτ ) given below stem from [27]. They are ω-complete [35], and
sound and ground-complete [27, 33], over BCCSP(Aτ ) (over any nonempty set
of actions) modulo bisimulation equivalence, which is the finest semantics in
5

van Glabbeek’s spectrum [23].
B1
x+y
B2 ( x + y) + z
B3
x+x
B4
x+0

= y+x
= x + (y + z)
=x
=x

In what follows, for notational convenience, we consider terms up to the least
congruence generated by axioms B1 –B4, that is, up to bisimulation equivalence.
We use summation ∑ni=1 ti (with n ≥ 0) to denote t1 + · · · + tn , where the empty
sum denotes 0. Modulo the equations B1 –B4 each term t ∈ T (Aτ ) can be written
in the form ∑ni=1 ti , where each ti is either a variable or is of the form αt′ , for
some action α and term t′ .
In a setting with internal transitions, the classic work of Hennessy and Milner on weak bisimulation equivalence and on the largest congruence included in it,
observational congruence, shows that the axioms B1 –B4 together with the axioms
W1 –W3 below are sound and complete over BCCSP(Aτ ) modulo observational
equivalence. (See [27, 33, 34].)
W1
αx = ατx
W2
τx = τx + x
W3 α(τx + y) = α(τx + y) + αy
The above axioms are often referred to as the τ-laws. For ease of reference, we
write
BW = { B1 , B2 , B3 , B4 , W1 , W2 , W3 }.

3 Weak Simulation
We begin our study of the equational theory of weak simulation semantics
by considering the natural, τ-abstracting version of the classic simulation preorder [31]. We start by defining the notion of weak simulation preorder and the
equivalence relation it induces. We then argue that all the known positive and
negative results on the existence of (ground-)complete (in)equational axiomatizations for the concrete simulation semantics over the language BCCSP(Aτ )
can be lifted to the corresponding weak semantics.
Definition 1. The weak simulation preorder, denoted by -S , is the largest relation
over terms in T(Aτ ) satisfying the following condition whenever p -S q and α ∈ Aτ :
– if p −→ p′ then there exists some q′ such that q =⇒ q′ and p′ -S q′ .
α

α

We say that p, q ∈ T(Aτ ) are weak simulation equivalent, written p ≈S q, iff p and
q are related by the kernel of -S , that is when both p -S q and q -S p hold.
Unlike many other notions of behavioural relations that abstract away from
internal steps in the behaviour of processes, see [24, 33] for classic examples, the
weak simulation preorder is a precongruence over the language we consider in
this study.
6

Proposition 1. The preorder -S is a precongruence over T(Aτ ). Hence ≈S is a congruence over T(Aτ ). Moreover, the axiom

(τe) τx = x
holds over T(Aτ ) modulo ≈S .
The soundness of equation τe is the key to all the results on the equational
theory of the weak simulation semantics we present in the remainder of this
section. In establishing the negative results, we shall make use of the reduction
technique from the paper [6].
3.1 Ground-completeness for weak simulation
Besides the equation τe previously stated in Proposition 1, there will be another
important equation to consider in order to achieve an axiomatic characterization of the weak simulation preorder, namely

(S) x ≤ x + y.
This equation also plays an essential role in the axiomatization of the simulation preorder in the concrete case [18, 23].
Proposition 2. The set of equations
ES≤ = { B1 , B2 , B3 , B4, S, τe}
is sound and ground-complete for BCCSP(Aτ ) modulo -S .4
Note that the equations W1 –W3 , even if sound for -S , are not needed in order to obtain a ground-complete axiomatization of -S over BCCSP(Aτ ). Those
equations can easily be derived from the axiom system in Proposition 2.
To obtain an axiomatization for the weak simulation equivalence, we need
the equation
(SE) a( x + y) = a( x + y) + ay
( a ∈ A ).
This equation is well known from the setting of standard simulation equivalence, where it is known to be the key to a ground-complete axiomatization [23].
Proposition 3. The set of equations
ES= = { B1 , B2 , B3 , B4, SE, τe}
is sound and ground-complete for BCCSP(Aτ ) modulo ≈S .
4

This completeness result was announced in [39] by van Glabbeek.
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3.2

ω-completeness for weak simulation

Propositions 2 and 3 offer ground-complete axiomatizations for the weak simulation preorder and its kernel over BCCSP(Aτ ). The inequational axiomatization of the weak simulation preorder is finite, and so is the one for its kernel
if the set of actions A is finite. In the presence of an infinite collection of actions, the axiom system in Proposition 3 is finite if we consider a to be an action
variable. It is natural to wonder whether the weak simulation semantics afford
finite (in)equational axiomatizations that are complete over T (Aτ ). The following results answer this question.
Proposition 4. If the set of actions is infinite, then the axiom system
ES≤ = { B1 , B2 , B3 , B4, S, τe}
is both ω-complete and complete over BCCSP(Aτ ) modulo -S .
So the weak simulation preorder can be finitely axiomatized over T (Aτ )
when A is infinite. This state of affairs changes dramatically when A is a finite
collection of actions of cardinality at least two.
Theorem 1. If 1 < |A| < ∞, then the weak simulation equivalence does not afford
a finite equational axiomatization over T (Aτ ). In particular, no finite axiom system
over T (Aτ ) that is sound modulo weak simulation equivalence can prove all the (valid)
equations in the family on page 511 of [15].
Corollary 1. If 1 < |A| < ∞, then the weak simulation preorder does not afford a
finite inequational axiomatization over T (Aτ ).
Remark 1. If A is a singleton then the simulation preorder coincides with trace
inclusion. In that case, the simulation preorder is finitely based over T (A), as
is simulation equivalence —see, e.g., [4]. Those axiomatizations can be lifted to
the setting of weak simulation semantics simply by adding the equation τe to
any complete axiomatization of the simulation preorder or equivalence.

Weak Simulation

Ground-complete

Finite Equations

Order

Equiv.

Order

Equiv.

| A| = ∞

ES ≤

ES =

ES ≤

ES =

1 < | A| < ∞

ES ≤

ES =

| A| = 1

ES ≤

ES1=

1

Complete

Do not exist
ES ≤
1

ES1=

Table 1. Axiomatizations for the weak simulation semantics
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ES≤ = { B1 –B4 , τe, S }

(τe)

τx = x

(S )

x ≤ x+y

(Sg≤ ) x ≤ ax

ES= = { B1 –B4 , τe, SE }
ES≤ = { B1 –B4 , τe, S, TE, Sg≤ }
1

ES1= = { B1 –B4 , τe, TE, Sg}

(SE ) a( x + y) =
a( x + y) + ay

( TE ) a( x + y) = ax + ay
(Sg) ax = ax + x

Table 2. Axioms for the weak simulation semantics

Tables 1 and 2 summarize the positive and negative results on the existence
of finite axiomatizations for weak simulation semantics. On Table 1, and in subsequent ones, ‘Do not exist’ indicates that there is no finite (in)equational axiomatization for the corresponding semantic relation.

4 Weak Ready Simulation
In this section, we shall study the equational theory of the largest precongruence included in the weak ready simulation preorder. We first define the notion
of weak ready simulation that will be the cornerstone in subsequent developments. We then proceed to study its induced precongruence, first in the case in
which the set of actions A is infinite and then in case that A is finite.
In order to define the weak ready simulation semantics we recall the definition of the function I ∗ , presented in Section 2, that returns the set of initial
a
visible actions of a term: I ∗ (t) = { a | a ∈ A and t =⇒ t′ for some t′ }.
Definition 2. The weak ready simulation preorder, which we denote by -RS , is
the largest relation over terms in T(Aτ ) satisfying the following conditions whenever
p -RS q and α ∈ Aτ :
– if p −→ p′ then there exists some term q′ such that q =⇒ q′ and p′ -RS q′ , and
– I ∗ ( p ) = I ∗ ( q).
α

α

We say that p, q ∈ T(Aτ ) are weak ready simulation equivalent, written p ≈ RS q,
iff p and q are related by the kernel of -RS , that is when both p -RS q and q -RS p
hold.
Remark 2. -RS is not a precongruence with respect to the choice operator of
BCCSP(Aτ ). It is immediate to show that τa -RS a. However, τa + b 6-RS a + b.
There are many possible ways to define a weak ready simulation semantics (see, for instance, [22]). The preorder defined above is based on a natural
‘weak counterpart’ of the constraint used in capturing ready simulation as a
9

constrained simulation [18]. This design criterion was important for us, because
we aim at extending the general and natural results we obtained for this family
of semantics from the strong to the weak setting.
There are, of course, other guiding principles that could lead to alternative
definitions. For instance, the inequation αx ≤ αx + αy (α ∈ Aτ ) appears in [16]
as a benchmark for characterizing weak preorders. Although the authors of
[16] do not claim to define weak ready simulation semantics, from an algebraic
viewpoint it would be appealing to have a weak ready simulation preorder satisfying this inequation. Unfortunately, so far we have failed to obtain a simple
operational characterization of a weak simulation satisfying the previous inequation, even allowing for the addition of some other (simple and reasonable)
axioms. Another reasonable requirement one might want to impose on a notion of weak ready simulation preorder is that it be preserved by hiding. As
our readers can easily check, the preorder in Definition 2 does not meet this requirement. The study of the (in)equational theory of the largest precongruence
with respect to hiding included in the weak ready simulation preorder defined
above is an interesting topic for future research.
Summing up, we do not claim that our weak ready simulation is ‘the right
one’, but, after a thorough study of the question, we postulate that it is the
simplest notion of weak ready simulation that affords both a simple operational
definition, as we have seen above, and good algebraic properties over BCCSP,
as we will see below. Much more on the subject can be found in the extended
version of the paper.
Definition 3. We denote by ⊑ RS the largest precongruence included in -RS . Formally, p ⊑ RS q iff
– p -RS q,
– p -RS q ⇒ ∀α ∈ Aτ αp -RS αq, and
– p -RS q ⇒ ∀r ∈ T(Aτ ) p + r -RS q + r.
The behavioural characterization of the relation ⊑ RS and its axiomatic properties will depend crucially on whether the set of visible actions A is finite or
infinite.
4.1 Axiomatizing ⊑ RS when A is infinite
If the set of actions A is infinite, then we can obtain a behavioural characterization of the largest precongruence included in the weak ready simulation preorder using a standard construction due to Milner.
Definition 4. The preorder relation .RS between processes is defined as follows: We
say that p .RS q iff
– for any α ∈ Aτ such that p −→ p′ , there exists some q′ such that q =⇒−→=⇒ q′
with p′ -RS q′ , and
– I ∗ ( p ) = I ∗ ( q).
α

τ

10

α

τ

We denote the kernel of .RS by hRS .
Proposition 5 (Behavioural characterization of ⊑ RS ). If A is infinite then p .RS
q if, and only if, p ⊑ RS q, for all p, q ∈ T(Aτ ). Therefore, hRS coincides with the
kernel of the preorder ⊑ RS .
Ground-completeness We shall now provide ground-complete (conditional)
axiomatizations of the relations .RS and hRS .
To axiomatize .RS using conditional inequations, the key axiom is

( RSτ )

I ∗ ( x ) = I ∗ (y) ⇒ x ≤ x + y.

This axiom mirrors the one used in the concrete setting in [17, 23].
Proposition 6. The set of equations
c
ERS
≤ = BW ∪ { RSτ },

in which RSτ is conditional, is sound and ground-complete for .RS over the language
BCCSP(Aτ ).
We now give a ground-complete and unconditional axiomatization for the
weak ready simulation preorder. For that we will consider the equations

( RS)
(τg)

ax ≤ ax + ay
x ≤ τx.

Equation RS is a well known and important one in the study of process semantics. RS appears as a necessary condition for process semantics in many general
results in process theory—see, e.g. [3, 19, 20, 30].
As for equation τg, this is indeed a simple and natural one that is satisfied
by any ‘natural’ precongruence on processes with silent moves.
Theorem 2. The set of non-conditional equations defined by
ERS≤ = BW ∪ { RS, τg}
is sound and ground-complete for BCCSP(Aτ ) modulo .RS .
To obtain a ground-complete axiomatization of the largest congruence included in weak ready simulation equivalence, it would be desirable to use a
general ‘ready-to-preorder result’ [3, 20] as the one we have for the concrete
case. There is indeed a similar result for weak semantics by Chen, Fokkink and
van Glabbeek, see [16], but unfortunately it is not general enough to cover the
case of the weak ready simulation congruence in Definition 4.
We now provide a ground-completeness result in which a key role is played
by the equation

( RSEτ ) I ∗ ( x ) = I ∗ (y) ⇒ α( x + y) = α( x + y) + αy,
which is quite similar to the equation needed for the concrete case.
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Proposition 7. The set of equations
c
ERS
= = BW ∪ { RSEτ },

in which RSEτ is conditional, is sound and ground-complete for hRS over the language
BCCSP(Aτ ).
In order to give an unconditional axiomatization of hRS , we consider the
following equations:

( RSE)
( RSEτe )

α(bx + z + by) = α(bx + z + by) + α(bx + z)
α( x + τy) = α( x + τy) + α( x + y).

Theorem 3. The set of equations
ERS= = BW ∪ { RSE, RSEτe }
is sound and ground-complete for BCCSP(Aτ ) modulo hRS .
ω-completeness We shall now provide an axiomatization for the relation .RS
that is (ω-)complete.
Theorem 4. If the set of actions A is infinite, then the axiom system
ERS≤ = BW ∪ { RS, τg}
is both ω-complete and complete for BCCSP(Aτ ) modulo .RS .
4.2 Axiomatizing ⊑ RS when A is finite
Proposition 5 gives an explicit characterization of the largest precongruence
included in the weak ready simulation preorder when the collection of actions
is infinite. In this section, we shall study the (in)equational theory of ⊑ RS when
the set of observable actions A is finite and non-empty.
First of all, note that if A is finite then the relation .RS defined in Definition 4 is not the largest precongruence included in the weak ready simulation
preorder. To see this, consider the terms
p=τ

∑

a and q =

∑

a.

(1)

a ∈A

a ∈A

Observe that, for each r ∈ BCCSP(Aτ ), the following statements hold:
1. p -RS q + r and
2. p + r -RS q + r.
From these statements if follows that p ≤ q is valid modulo the largest precongruence included in -RS .
12

F is defined as follows: We say that p . F q iff
Definition 5. The relation .RS
RS
a

a

– for each a ∈ A and p′ such that p −→ p′ , there exists some q′ such that q =⇒ q′
with p′ -RS q′ ;
τ
– for each p′ such that p −→ p′ ,

• either there exists some q′ such that q(−→)+ q′ with p′ -RS q′ ,
• or I ∗ ( p′ ) = A and p′ -RS q; and
∗
– I ( q) ⊆ I ∗ ( p ).
τ

F q, for the processes p and q defined in (1). Indeed, since I ∗ ( q) =
Note that p .RS
A, process q can match the initial τ-labelled transition from p by remaining idle.
F q
Proposition 8 (Behavioural characterization of ⊑ RS ). If A is finite then p .RS
if, and only if, p ⊑ RS q, for all p, q ∈ T(Aτ ).

Ground-completeness In order to give a ground-complete axiomatization of
F , we consider the equation
the relation .RS

( RSΣ ) τ ( ∑ ax a + y) = ∑ ax a + y
a ∈A
a ∈A
Fc
Proposition 9. The set of equations ERS
≤ = BW ∪ { RSτ , RSΣ }, in which RSτ is
F over the language BCCSP(A ).
conditional, is sound and ground-complete for .RS
τ

Theorem 5. The set of equations
F
ERS
≤ = BW ∪ { RS, τg, RSΣ }
F .
is sound and ground-complete for BCCSP(Aτ ) modulo .RS
F , the kernel
We now proceed to offer (un)conditional axiomatizations of hRS
F .
of the preorder .RS
Fc = BW ∪ { RSE , RS }, in which RSE
Proposition 10. The set of equations ERS
=
τ
τ
Σ
F .
is conditional, is sound and ground-complete for BCCSP(Aτ ) modulo hRS

Theorem 6. The set of equations
F
ERS
= = BW ∪ { RSE, RSτe , RSΣ }
F .
is sound and ground-complete for BCCSP(Aτ ) modulo hRS
F is the largest precongruRemark 3. Since, in the case |A| < ∞, the preorder .RS
ence included in -RS , all the axiomatizations above are also sound and groundcomplete for ⊑ RS and its kernel, in this case.
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Weak Ready Simulation Ground-complete

Complete

Finite Equations

Order

Equiv.

Order

Equiv.

| A| = ∞

ERS≤

ERS=

ERS≤

ERS=

1 ≤ | A| < ∞

F
ERS
≤

F
ERS
=

Do not exist

Table 3. Axiomatizations for the largest (pre)congruence included in the weak ready
simulation semantics

Nonexistence of finite complete axiomatizations We shall now prove that,
F nor its kernel afford a finite
if the set of actions A is finite, then neither .RS
(in)equational axiomatization. The following proposition was shown in [15].
Proposition 11. For each n ≥ 0, the equation
an x + an 0 +

∑

a n ( x + b) = a n 0 +

∑

a n ( x + b)

(2)

b ∈A

b ∈A

F .
is sound modulo ready simulation equivalence, and therefore modulo the kernel of .RS

The family of equations (2) plays a crucial role in the proof of Theorem 36
in [15], to the effect that the equational theory of ready simulation equivalence
is not finitely based over BCCSP(Aτ ) when the set of actions is finite and contains at least two distinct actions. (In fact, as we showed in [2], ready simulation
semantics is not finitely based, even when the set of actions is a singleton.)
F over BCCSP(A ) does
Theorem 7. If | A| ≥ 1 then the (in)equational theory of .RS
τ
not have a finite (in)equational basis. In particular, the following statements hold true.
F can prove all of
1. No finite set of sound inequations over BCCSP(Aτ ) modulo .RS
the sound inequations in the family

an x ≤ an 0 +

a n ( x + b)

∑

( n ≥ 1).

b ∈A
F can prove all of
2. No finite set of sound (in)equations over BCCSP(Aτ ) modulo .RS
the sound equations in the family (2).

Theorem 7 is a corollary of the following result. As usual, we consider processes
up to strong bisimilarity.
Proposition 12. Assume that | A| ≥ 1. Let E be a collection of inequations whose
F and have depth smaller than n. Suppose furthermore
elements are sound modulo .RS
F an 0 +
that the inequation t ≤ u is derivable from E and that u .RS
∑ b ∈A a n ( x + b).
an

an

Then t =⇒ x implies u =⇒ x.
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Corollary 2. If 1 ≤ | A| < ∞ then the collection of (in)equations in at most one
F does not have a finite (in)equational
variable that hold over BCCSP(Aτ ) modulo .RS
basis. Moreover, for each n, the collection of all sound (in)equations of depth at most n
cannot prove all the valid (in)equations in at most one variable that hold in weak ready
simulation semantics over BCCSP(Aτ ).

Unconditional

( RS )

ax ≤ ax + ay

ERS≤ = BW ∪ { RS, τg}

(τg)

x ≤ τx

ERS= = BW ∪ { RSE, RSτe }

( RSE ) α(bx + z + by) =

F
ERS
≤ = BW ∪ { RS, τg, RS Σ }
F
ERS
=

= BW ∪

α(bx + z + by) + α(bx + z)

( RSτe ) α( x + τy) =

{ RSE, RSτe , RSΣ }

α( x + τy) + α( x + y)

( RSΣ ) τ (∑ A ax a + y) = ∑ A ax a + y
Conditional
c
ERS
≤
c
ECS=

( RSτ )

( I ∗ ( x ) ⇔ I ∗ (y)) ⇒

( RSEτ )

( I ∗ (x)

= BW ∪ { RSτ }
= BW ∪ { RSEτ }

x ≤ x+y

⇔

I ∗ (y))

⇒

α( x + y) = α( x + y) + αx
Table 4. Axioms for the largest (pre)congruence included in the weak ready simulation
semantics

Tables 3 and 4 summarize the positive and negative results on the existence
of finite axiomatizations for weak ready simulation semantics.

5 Conclusion
In this paper, we have offered a detailed study of the axiomatizability properties
of the largest (pre)congruences over the language BCCSP induced by the ‘weak’
versions of the classic simulation and ready simulation preorders and equivalences. For each of these notions of behavioural semantics, we have presented
results related to the (non)existence of finite (ground-)complete (in)equational
axiomatizations. As in [15], the finite axiomatizability of the studied notions
of semantics depends crucially on the cardinality of the set of observable actions. Following [17], we have also discussed ground-complete axiomatizations
of those semantics using conditional (in)equations in some detail. In particular,
we have shown how to prove ground-completeness results for (in)equational
axiom systems from similar results for conditional axiomatizations in a fairly
systematic fashion.
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The results presented in this article paint a rather complete picture of the
axiomatic properties of the above-mentioned weak simulation semantics over
BCCSP. We have also obtained similar results for the intermediate case of the
weak complete simulation semantics, to be presented in a forthcoming paper.
Moreover, in the cases in which the studied notions of semantics do not afford finite complete axiomatizations, it would be interesting to obtain infinite,
but finitely described, complete axiomatizations. This is a topic that we leave
for future research.
The results presented in this study complement those offered in, e.g., [7, 37,
38, 41], where notions of divergence-sensitive preorders based on variations on
prebisimilarity [26, 32] or on the refusal simulation preorder have been given
ground-complete inequational axiomatizations. They are just a first step in the
study of the equational logic for notions of behavioural semantics in the extension of van Glabbeek’s spectrum to behavioural semantics that abstract from
internal steps in computation [22].
A natural avenue for future research is to investigate the equational logic
of weak versions of semantics in van Glabbeek’s spectrum that are based on
notions of decorated traces. We have already started working on this topic and
we plan to report on our results in a forthcoming article.
Following the developments in [1, 10, 37], it would also be interesting to
study rule formats for operational semantics that provide congruence formats
for the semantics considered in this paper, and to give procedures for generating ground-complete axiomatizations for them for process languages in the
given formats.
In [16], Chen, Fokkink and van Glabbeek have provided an extension to
weak process semantics of the ‘ready to preorder’ procedure for generating axiomatizations of process equivalences from those of their underlying preorders,
first studied in [3, 20]. It would be worthwhile to study whether the scope of
the algorithm presented in [16] can be extended to cover the case of the weak
ready simulation congruence in Definition 4 and related semantics. The doctoral dissertation [13] also presents an algorithm to turn an axiomatization of a
semantics for concrete processes into one for ‘its induced weak semantics.’ An
extension of the scope of applicability of that algorithm would also be a significant advance on the state of the art in the study of axiomatizability results for
process semantics over process algebras.
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