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Abstract

This short note offers results confirming that the priority operator of Baeten, Bergstra and Klop cannot be expressed
using positive rule formats for operational semantics. Although expected, this inexpressibility result does not seem
to have appeared before in the literature.

Key words: Priority, expressiveness, structural operational semantics, rule formats.

In this short note, we consider the well-known pri-
ority operator Θ studied by Baeten, Bergstra and
Klop [2] in the context of process algebra. The pri-
ority operator Θ gives certain actions priority over
others based on an irreflexive partial ordering rela-
tion < over the set of actions. Intuitively, a < b is
interpreted as “b has priority over a”. This means
that, in the context of the priority operator Θ, ac-
tion a is pre-empted by action b. For example, if p is
some process that can initially perform both a and
b, then Θ(p) will initially only be able to execute
action b.

The operational intuition underlying the priority
operator is elegantly captured by means of the fol-
lowing Plotkin-style rule [1,3,11]:

x
a→ y x

b9 for a < b

Θ(x) a→ Θ(y)

where a, b range over the set of actions that processes
may perform.
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The role played by the ordering relation over ac-
tions in determining which initial transitions are
possible from a term of the form Θ(p) is captured
by means of negative premises. A rule of the above
form states that a term Θ(p) initially affords an a-
labelled transition if its argument p has such a tran-
sition and cannot initially perform any action b that
has higher priority than a.

Intuitively, the use of negative premises in
the above-mentioned rules hints at the non-
monotonicity of the priority operation. A term of
the form Θ(p) might initially afford an a-labelled
transition, but this transition could be lost by re-
placing p with a term having more initial actions at
its disposal. It seems therefore natural to conjecture
that the priority operation Θ cannot be “expressed”
using rule formats for operational semantics that
only use positive rules, i.e., rules without negative
premises. Since we are not aware of any proof of
this fact in the literature, we present below some
results confirming the above conjecture. The reason
for presenting different “confirmations” for the con-
jecture made above is that they highlight distinct
avenues that can be pursued when attempting to
establish such an inexpressibility result.

We start by presenting a proof, for a version of our
conjecture, that uses the congruence properties of
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the so-called tyft/tyxt rule format. Throughout the
rest of the note, we fix a signature Σ (i.e., a collection
of operation symbols, each with its own arity) and a
set of actions containing two distinct actions a and
b such that a < b. (If no two actions are comparable
with respect to < then the priority operation has
no effect on the behaviour of its argument, and can
trivially be expressed using the empty context [ ].)
We shall also make the minimal assumption that
our process language includes the terms of Basic
CCS [8]. Such a language allows us, for instance, to
write the CCS terms 0 (the process with no outgoing
transitions), a.0 (the process whose only transition
is a.0 a→ 0) and a.0 + b.0 (the process whose only
transitions are a.0 + b.0 a→ 0 and a.0 + b.0 b→ 0).
In fact, in the rest of this note, we shall only use a
very small fragment of Basic CCS that includes the
three above-mentioned terms.

In what follows, we shall tacitly assume that the
arities of operators are respected whenever we write
a term-like phrase; for instance, f(t1, . . . , tn) implic-
itly means that f has arity n.
Definition 1 A transition rule is in tyft/tyxt for-
mat if it has the form

{ti
ai→ yi | i ∈ I}

f(x1, . . . , xn) a→ t

where I is an index set, a and ai (i ∈ I) range over the
set of actions that processes may perform, x1, . . . , xn

and yi (i ∈ I) are pairwise distinct variables, and t
and ti (i ∈ I) are terms over Σ.
A collection of transition rules in tyft/tyxt format
over a signature Σ defines a labelled transition sys-
tem whose states are the closed terms (i.e., terms
without variables) that can be constructed using the
operation symbols in Σ, and whose transitions p a→
q are those that are provable using the rules.
Definition 2 Simulation is the largest relation R
over states of a labelled transition system such that,
for all states p, p′, q and action a,

if p R q and p a→ p′ then q
a→ q′ for some q′ such

that p′ R q′.
If p R q holds for some relation satisfying the above
clause, then we say that q simulates p. Two states are
simulation equivalent if they simulate one another.
It is well known that simulation equivalence is a con-
gruence for any operation specified using rules in
tyft/tyxt format; see, e.g., [6]. Below, we use this
congruence result to show that the priority opera-
tion cannot be specified using rules in tyft/tyxt for-
mat.

Proposition 3 There is no unary operation f
specified using tyft/tyxt rules such that the equation
Θ(x) ≈ f(x) holds modulo simulation equivalence.

PROOF. Assume, towards a contradiction, that f
is specified using tyft/tyxt rules and that the equa-
tion Θ(x) ≈ f(x) holds modulo simulation equiva-
lence. Observe that the equation

a.a.0 + a.(a.0 + b.0) ≈ a.(a.0 + b.0)

is valid modulo simulation equivalence. Since f is
specified using tyft/tyxt rules, it preserves simula-
tion equivalence. Therefore,

f(a.a.0 + a.(a.0 + b.0)) ≈ f(a.(a.0 + b.0))

holds modulo simulation equivalence. Since Θ(x) ≈
f(x) is sound modulo simulation equivalence, by
transitivity the equation

Θ(a.a.0 + a.(a.0 + b.0)) ≈ Θ(a.(a.0 + b.0))

is also valid in simulation semantics. However, this
is a contradiction. In fact,

Θ(a.a.0 + a.(a.0 + b.0)) a→ Θ(a.0)

and the term Θ(a.0) is easily seen to be bisimilar to
a.0. On the other hand, the only a-labelled transi-
tion from Θ(a.(a.0 + b.0)) is

Θ(a.(a.0 + b.0)) a→ Θ(a.0 + b.0) ,

and the term Θ(a.0+ b.0) is easily seen to be bisim-
ilar to b.0 since a < b. 2

Remark 4 The above result holds true for any
rule format that preserves simulation equivalence.
Indeed, the proof we have just presented only uses
that the tyft/tyxt format preserves simulation equiv-
alence.
The above result can be strengthened considerably
and in a way that makes the “monotonicity” of oper-
ations specified using tyft/tyxt rules more evident.

We begin by defining the notion of tree rule
from [4], where it is shown that tree rules have
the same expressive power as tyft/tyxt rules. Tree
rules will be more convenient to work with in what
follows.
Definition 5 A transition rule is in tree format if
it has the form

{zi
ai→ yi | i ∈ I}

f(x1, . . . , xn) a→ t
(1)

where
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– I is an index set,
– a and ai (i ∈ I) range over the set of actions that

processes may perform,
– x1, . . . , xn and zi, yi (i ∈ I) are variables, with

the variables x1, . . . , xn and yi (i ∈ I) pairwise
distinct,

– each variable occurring in the rule is contained in
{x1, . . . , xn} ∪ {yi | i ∈ I},

– t is a term over Σ, and
– the set of premises in the rule is well-founded, in

the sense that there is no infinite backward chain
of premises.

A tree operation is one that is specified by a collection
of tree rules.
Let us say that two processes are initials equiva-
lent if, and only if, they can initially perform the
same set of actions. Every semantic equivalence in
van Glabbeek’s linear time/branching time spec-
trum (see [7]) is included in initials equivalence.
Theorem 6 There is no unary operation f specified
using tree rules such that the equation Θ(x) ≈ f(x)
holds modulo initials equivalence.

PROOF. Assume, towards a contradiction, that
f is specified using tree rules and that the equa-
tion Θ(x) ≈ f(x) holds modulo initials equivalence.
We begin by observing that, since Θ(a.0) ≈ f(a.0)
holds modulo initials equivalence, the term f(a.0)
affords an initial a-labelled transition. This means
that there are a rule r of the form (1) for f and
a substitution σ mapping variables to closed terms
over Σ such that

(i) σ(x) = a.0 and
(ii) σ(zi)

ai→ σ(yi) for each i ∈ I.
Suppose that zi = x for some i ∈ I. The latter
requirement on σ means that ai = a and σ(yi) = 0,
for such an i ∈ I. Moreover, for each i ∈ I such that
zi = x, the variable yi cannot occur as the source of
any premise in r. Define now the substitution ρ as
follows:

ρ(z) =

{
a.0 + b.0 if z = x,

σ(z) otherwise.

We claim that ρ satisfies the premises of r. Indeed,
consider a premise zi

ai→ yi. If zi = x then, as ob-
served above, ai = a and ρ(yi) = σ(yi) = 0. It fol-
lows that

ρ(x) = a.0 + b.0 a→ 0 = ρ(yi) ,

which was to be shown. Otherwise, note that, as r
is a tree rule, x is different from yi. Since zi 6= x and
σ satisfied all the premises of r, we have that

ρ(zi) = σ(zi)
ai→ σ(yi) = ρ(yi) .

As ρ satisfies the premises of r, using that rule we
may now infer that

ρ(f(x)) = f(a.0 + b.0) a→ ρ(t) .

However, this contradicts the assumption that f(x)
and Θ(x) are initials equivalent. Indeed, recall that
a < b and therefore Θ(a.0+ b.0) b→ Θ(0) is the only
initial transition afforded by Θ(a.0 + b.0). 2

Corollary 7 The priority operation cannot be spec-
ified using tree rules modulo any notion of equiva-
lence in van Glabbeek’s linear time/branching time
spectrum.

PROOF. The claim follows from the above the-
orem because, as we observed previously, every
semantic equivalence in van Glabbeek’s linear
time/branching time spectrum is included in initials
equivalence. 2

Theorem 6 and Corollary 7 also hold for unary de-
rived operations constructed using operations whose
behaviour is described by tree rules. In fact, as shown
in [5], the behaviour of these derived operations can
be described by means of a collection of tree ruloids.
(Ruloids are like operational rules, but their sources
can be arbitrary terms.)
Remark 8 The only other paper we are aware of
that deals with an expressiveness issue related to pri-
ority in process algebra (albeit in a different form
from the one considered in this study) is [10]. In that
paper, Phillips shows that the addition of priority
guards adds expressiveness to both CCS [8] and the
π-calculus [9].
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