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ABSTRACT
We present randomized distributed algorithms for connectivity and aggregation in multi-hop wireless networks under the SINR model. The connectivity problem asks for
a set of links that strongly connect a given set of wireless
nodes, along with an efficient schedule. Aggregation asks
for a spanning in-arborescence (converge-cast tree), along
with a schedule that additionally obeys the partial order defined by the tree. Here we treat the multi-hop case, where
nodes have limited power that restricts the links they can
potentially form. We show that connectivity is possible for
any set of n nodes in O(log n) slots, which matches the best
centralized bound known, and that aggregation is possible
in O(D + log n) time (D being the maximum hop-distance),
which is optimal.

Categories and Subject Descriptors
C.2.1 [Computer-Communication Networks]: Network
Architecture and Design—Wireless communication; F.1.2
[Computation by Abstract Devices]: Modes of Computation—Probabilistic computation

General Terms
Algorithms, Design, Theory

Keywords
Wireless Networks, SINR, Multihop, Connectivity, Aggregation, Distributed Algorithms

1.

INTRODUCTION

We deal in this paper with two fundamental and related
problems in wireless algorithmics: connectivity and aggregation. Given a set of n wireless nodes in the Euclidean plane,
the connectivity problem asks for a set of links (i.e. directed
edges) that strongly connect the nodes along with an efficient schedule for those links. The aggregation problem is
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similar: find both a set of links forming a tree directed toward a root and a schedule that obeys the aggregation order,
with links entering a node scheduled before the link leaving
it. The limiting factor in both cases is interference: all of
the communication goes through a single wireless channel
(divided into time slots), thus links cannot be arbitrarily
scheduled together. The algorithms and the results necessarily depend crucially on the adopted model of interference.
While wireless interference is notoriously difficult to
model, the physical or SINR model has garnered reputation
as a relatively close fit to reality [19, 23], and has recently
received increased attention in the algorithms community.
Connectivity (and aggregation) actually received the first
worst-case algorithm analysis in the SINR model by Moscibroda and Wattenhofer [22]. Their result — that any set
of n points can be connected in O(log4 n) slots — has been
improved over the years to O(log n) [7], and more recently
that bound has been obtained with a distributed algorithm
[6]. All of these results assume, however, either that power
is unlimited or that the environmental noise is negligible, so
that any pair of nodes could communicate, no matter how
far apart.
We consider here the full multi-hop picture, where noise
affects reachability and power limits restrict the way power
control can overcome interference. We find that excellent
connectivity and aggregation is possible in the power limited
setting. Assuming connectivity is possible at all (with a
little bit of slack), O(log n) slots suffice to connect any set
of points, matching the bound for unbounded power. For
aggregation we show that O(D +log n) slots suffice, where D
is the appropriately defined diameter. This is asymptotically
optimal for any input and implies therefore constant-factor
approximation. Moreover, we show that these results are
achievable using a distributed algorithm, where nodes begin
with minimal information about the network. These are
the first such results that do not depend on local density or
similar structural properties of the input.
For distributed algorithms, it is important to distinguish
between the initial running time of the algorithm on one
hand, and the quality of the final schedule (which can then
be repeatedly reused) on the other hand. The latter has already been mentioned. The initial running time of our distributed algorithm is O(D +log ∆ log2 n) or O(D +g 2 log2 n)
depending on one of two variations, where both ∆ and g are
length diversity measures discussed later.
We also take one of the first steps to relax the inherent
determinism of the basic SINR model. Whereas the basic
model states that reception is successful iff the measured

SINR is above a certain threshold, experimental results generally suggest an intermediate gray area, where transmissions succeed largely randomly. Motivated by these observations, we adopt a graded version of the SINR model,
and show that our results hold equally well in this extended
model.
In the process, we also obtain several more subtle technical contributions. We show that those results can be obtained without making strong assumptions about the environment. In particular, we do without location or neighborhood information, which would greatly simplify the task
of distributed algorithms, and we make do with absolutely
minimal assumptions about connectivity. We also obtain
some improvements for the single-hop case, both regarding
the time complexity and a new method for power assignment.

2.

MODEL

Given are n wireless nodes located at points on the plane.
The nodes have synchronized clocks, and start running
the distributed algorithm simultaneously using slotted time.
Each node has a globally unique ID.
A link is a directed edge between two nodes, indicating a
transmission from the first node (the sender) to the second
(the receiver). A link between u and v is denoted by (u, v) or
by the generic `. The Euclidean distance between two nodes
u and v is denoted by d(u, v) (which is the length of the link
(u, v)). If clear from the context ` is also used to denote
the length. We say that a link ` = (u, v) transmits to mean
that the sender u transmits with v as the intended receiver.
We will use, for two links ` = (u, v) and `0 = (u0 , v 0 ), the
asymmetric distance d``0 = d(u, v 0 ), for the distance between
the sender of ` and the receiver of `0 .
In the SINR (signal-to-interference-and-noise ratio)
model of interference, a link ` is successful if,
SIN R(`, L) ≡

p` /`α
N+

α
0
`0 ∈L\{`} p` /d`0 `

P

≥β ,

(1)

where N is the ambient noise, β is the required SINR level,
α > 2 is the so-called path loss constant, p` is the power used
by the sender of link `, and L is the set of links transmitting
simultaneously. A set of links is said to be feasible if it is
possible to assign power to the senders to satisfy (1) for each
receiver simultaneously.
We enhance this model, by allowing an intermediate region: if SIN R ∈ [β1 , β) (for some β1 < β), then the transmission succeeds with probability 0 < κ < 1 (for lower levels
of SINR, the transmission fails with probability 1). This version of the SINR model is similar to some previous graded
versions of the SINR model (e.g., [25]). In adopting this,
we are motivated by experimental results that demonstrate
such transitional regions where transmission is spotty, and
a smaller region (corresponding to SINR ≥ β) where transmissions are reliable [3, 28].
Both of our problems (aggregation and connectivity) ask
for a set of links along with a schedule meeting the required
conditions. If a number of links transmit in the same slot,
the successes of individual links are defined by the SINR
constraints, measured at the receivers. The set L in this
case is the set of senders from all concurrent links. For a
set of links, we say that we have a schedule of cost C if
there is an algorithm that succeeds with high probability to
successfully schedule the links in C slots. This “algorithm”

could in principle be anything, but in practice will either be
an assignment of each link to a fixed slot in {1, 2 . . . C}, or a
simple probabilistic algorithm. We will say that a link set is
scheduled “in the aggregation order” to mean that links into
a node (i.e., links for which it is the receiver) are scheduled
before the link leaving it (the link for which it is the sender).
The minimum distance between nodes is 1 (which is a
matter of choosing a unit). It is assumed that nodes are
restricted in their use of power by a maximum power P . The
SINR constraint implies that the maximum distance a node
1/α

> 1. For any fixed
can possibly transmit is ∆ ≡ NPβ1
constant  < 1, let G = G be the undirected graph on the
nodes with edges between nodes of distance at most (1−)∆.
We assume that G is connected, for some given value ; we
then say that the set of nodes is -connected. Let D be the

1/α
α
diameter of G. Set the constant 0 = min(, 2ββ1
, 21 )
A length class is a set of (potential) links with lengths
within a factor 2. We define g as the number of non-empty
length classes, or:
g = |{i ≤ log ∆ + 1 : ∃ x, y such that d(x, y) ∈ [2i , 2i−1 }|
While log ∆ + 1 is an obvious upper bound on the number of
length classes into which the links can be partitioned, g provides a tighter bound by counting only non-empty classes.
We shall use “time” to refer to the the initial number of
slots required for algorithm to form the required aggregation
or connectivity network, and “cost” to refer to the number
of slots in the final schedule. When clear from the context,
we may drop the qualification “with high probability”.
We shall use the following particular Chernoff bound (see
Chapter 4 in [20]):
P Let {Xi } be independent Poisson trials
such that X = i Xi and E(X) = C ln n, for some C > 0.
Then,
P(X ≤ (1 − δ)E(X)) ≤ n−Cδ

2

/2

.

(2)

Assumptions
Recall that we assumed that it suffices to use links of length
at most (1 − )-fraction of maximum possible. This assumption is unavoidable, since arbitrarily weak links can require
arbitrarily bad schedules. We assume the nodes know (a
lower bound on) .
We assume that nodes know the signal transmission parameters N, α, β, β1 . These values can be arbitrary, except
necessarily α > 2 (as otherwise limited interference integrated over the whole plane goes to infinity). Also, that
they know a polynomial approximation to n (i.e., the value
of log n, up to constant factors), without which there is a
Ω(n/ log n)-lower bound [11]. In the ∆-based algorithms,
the nodes need a polynomial approximation of ∆, while the
g-based algorithms do not assume prior knowledge of g.
We assume that nodes can measure the SINR (in case
of a successful reception), or total received power (in other
cases). This power reception feature is comparable to the
RSSI function of real wireless motes. Nodes can use this
feature to measure distances from the sender of a received
message. In some parts of our algorithm, only measuring
whether or not the SINR crosses a threshold is needed. We
clarify this usage in the respective sections.
We do not assume nodes have knowledge of their locations in space, the diameter D, nor anything about their
neighborhood.

Implications of the graded model
Note that the graph G is defined in terms of β1 , not β. Thus
the algorithm is forced, at least on occasion, to use links that
succeed only probabilistically. Note that by repeating the
same transmission ≈ log n times, links with SIN R ∈ [β1 , β)
can be converted to a link succeeding with high probability.
We are interested in bounds better than those that incur this
obvious multiplicative O(log n) factor. Indeed, the bounds
we derive are optimal even if links succeeded with probability 1 in the [β1 , β) range.

3.

RESULT AND RELATED WORK

Theorem 1. There is a distributed algorithm that runs
in time O(D + log ∆ log2 n) (alternatively, O(D + g 2 log2 n)
that produces an aggregation network of cost O(D + log n)
and connectivity network of cost O(log n) on any given connected set of n nodes, for any fixed .
The SINR model was first proposed in an influential paper
of Gupta and Kumar [5], who showed that O(log n)-slots
suffice to connect a set of n uniformly distributed nodes.
Moscibroda and Wattenhofer were the first to formalize the
connectivity problem from a worst case perspective in the
SINR model in [22]. They proposed a centralized algorithm
that connects an arbitrary set of n nodes in O(log4 n) slots.
This was improved to O(log3 n) [24], O(log2 n) [21], and
O(log n) [7].
Distributed algorithms for aggregation in the SINR model
include [18], [9] and [1]. These works have network costs that
are polynomials in O(log ∆) or O(d) (where d is the maxdegree, i.e., the number of nodes within a radius of ≈ ∆).
Dependence on degrees or log ∆ make these works closer to
disk graph models, and the power of the SINR model in
handling density (as seen by the works cited in the previous
paragraph) is not fully utilized.
In [6] a distributed algorithm for finding a tree that connects an arbitrary set of n nodes in O(log n) slots was given,
matching the best centralized result known [7]. Our work
builds upon this work, and we extensively use, modify or improve techniques from this paper. It was also shown there
that such results require the use of arbitrary power control;
namely, algorithms using power assignments that are functions of link length alone are forced to use Ω(n) slots in worst
case.
Another set of related results involves finding dominating
sets and/or a broadcast network in a multi-hop scenario.
The work we directly use is that of [26], where an algorithm
is provided to find dominating sets in the SINR model in
O(log n) time. Also relevant is [17], where a dominating
set is constructed using a distributed algorithm in a quasi
unit disk model, which can be converted to the SINR model
(see [27]). These works do not attempt to construct a network among dominators. Broadcast or aggregation networks
among dominators are formed in some works [27, 10] (as well
as the works in the previous paragraph), but none give quite
what we need. They either need a large  (at least 2/3) to
work [27, 9], use precise location information [10], and/or do
not form an aggregation network [10, 27].

4.

ALGORITHM OUTLINE

Our algorithm has two major parts. In the first part, we
select a small set of dominators such that all (other) nodes

are within a small distance of a dominator. We then construct a low-cost aggregation or connectivity network between the dominators. This network can be thought of as
the backbone of the combined network. To achieve this, we
use existing work to find a dominating set, and then show to
how form the network among them. For this part, the initial running time (as well as the cost of the final schedule) is
O(D + log n) for aggregation and O(log n) for connectivity.
This is detailed in Section 5.
The second part deals with clusters (i.e. a dominator and
nodes dominated by it). Each cluster is a single-hop environment, so we can apply ideas from [6], with technical
changes needed to take care of power limits and the fact we
are computing networks for different clusters simultaneously.
We also improve the running time. After these conversions,
we compute an aggregation (or connectivity) network. The
initial running time is either O(log ∆ log2 n) or O(g 2 log2 n),
depending on which algorithm is used, and the final schedule
cost is O(log n). These bounds apply both for connectivity
and aggregation. This is detailed in Section 6.
Each part is divided into multiple sub-parts, which are
described in the appropriate subsections.

5.
5.1

DOMINATING NETWORK
Finding a dominating set

An R-dominating set is a subset of nodes such that each
input node is within a distance R from a dominator (possibly
itself). A clustering is a function f assigning each node a
valid dominator (i.e., within distance R).
An R-ball is a disk in the plane of radius R. The density of
an R-dominating set is the maximum number of dominators
in an R-ball (over all balls in the plane). Let
η = 0 ∆/4 .
By running the dominating-set algorithm of Scheideler et
al. [26] with adjusted power settings, their Theorem 2.1 can
be rephrased as:
Theorem 2. There is a distributed algorithm running
in time O(log n) that produces, with high probability, a ηdominating set of constant density, along with the corresponding clustering function.
Note that this result does not hold immediately in the
1/α

, by
graded SINR region of [β1 , β), but since 0 ≤ β11 β
definition, no communication uses the graded SINR region.

5.2

Network Formation

We next seek an efficient network on top of the ηdominating set. Note that dominators can be far enough
apart that the use of the transitional region is unavoidable.
This is the only section where we use such links.
Theorem 3. There is a distributed algorithm that runs
in time O(D + log n) and forms an aggregation network with
cost O(D + log n) on any given η-dominating set of constant
density.
In proving this, we focus on forming an aggregation network, with a connectivity network achieved along the way.
Note that we only deal with dominators in this section.
Thus when we talk about properties of the node set (like the

minimum ID, or number of neighbors) we mean the set of
dominators, not the original set.
Since we have an η-dominating set, the graph G0 formed
0
by connecting nodes at distance at most ∆(1 − 0 + 2 4 ) =
∆(1 − 12 0 ) is connected. In this section, graph terminology
such as “neighbors” refers to G0 .
We shall use the following two simple primitives:
com A com consist of a slot in which each nodes transmits
with a (low enough) fixed probability q.
ncomm An ncomm (neighborhood communication) consists of O(log n) com slots (with a sufficiently large
implicit constant).
We shall say that a node u informs a neighbor v if it
successfully transmitted to v in a given step. The following lemma encapsulates our requirements of the interference
model. The results of this section will apply to any model
for which this lemma holds.
Lemma 4. During com, any given node u informs any
.
given neighbor v with probability at least ζ = 12 κq(1 − q).
The proof of this lemma (given in Appendix A) uses the
now standard technique of bounding interference within concentric circles.
A straightforward application of the Chernoff bound (2)
gives that each node successfully transmits to each of its
neighbors Ω(log n) times (details provided in Appendix A).
Lemma 5. During ncomm, each node informs each of its
neighbors (Ω(log n) times), w.h.p.
For simplicity, in what follows, we will consider communication with neighbors during an ncomm as a deterministic
event.
Note that com and ncomm apply in the transitional region – and of course in the safe region of SIN R ≥ β. These
lemmas abstract away this particular issue, which then needs
no further consideration.
Using these primitives as building blocks, the algorithm
can be outlined as follows: The eventual root of the network
will be the node with the minimum ID. All nodes start a
flooding process to find out the minimum node (assuming
initially that the node itself is the minimum). Eventually the
global minimum wins and the edges involved in the flooding
initiated by the root form the final tree.
An initial ncomm informs all nodes of the IDs of their
neighbors. Node u maintains the following state:
r(u) the smallest ID currently known by u. Initially r(u) =
u.
p(u) the “parent” of u, or the node that first informed u
about r(u). Initially p(u) = u.
We use the term “child” (and children) of a node u to mean
a node v such that p(v) = u.
In each slot, a node transmits a message using com. There
are two types of messages — M and A. Intuitively, an M message is a broadcast message intended to inform neighbors about a node’s current state (especially r(u)), while
an A-message acts as an acknowledgment intended for the
node’s parent (and ultimately the root). They both contain

the same information (along with the message type) — the
sender u, and the current values of p(u) and r(u). The conditions for sending these messages and the behavior upon
receiving them for a node u are as follows:
1. For each neighbor v, let m(v) be the last message received by u from v. Condition SameRoot holds if the
r(v) value contained in m(v) is the same as the current r(u). Condition ChildAck holds true for m(v) if
the p(v) value in the message is equal to u. Node u
will decide on an A-message in slot t + 1 if u has received at least one message from each of its neighbors
v by the end of slot t, and for each message: Condition SameRoot holds, and either ChildAck is false, or
ChildAck holds and the message is an A-message. If
the conditions hold but p(u) = u, the node decides to
become the root instead of sending an A-message.
2. If the conditions of the previous paragraph do not apply, u decides on an M -message with the current values
of r(u) and p(u).
The node transmits the message it has decided on with probability q, and listens for messages otherwise.
At the end of every step, node u will update its state as
follows: If u has not received a message in the slot, nothing
happens. Otherwise, suppose u received a message from v.
If r(u) > r(v) (r(v) as included in the message), then u sets
r(u) ← r(v) and p(u) ← v.
The following lemma claims a time bound on how quickly
nodes learn about the global minimum.
Lemma 6. Let umin be the node with the globally minimum ID. Then, for each node u, r(u) = umin by O(D+log n)
slots, w.h.p.
Proof. It is clear that once r(v) = umin for a node v, it
remains that way. Let us call a node for which this is true
communicated. The message type does not matter since r(u)
is updated regardless (if it has not already been communicated).
Let Rt be the set of nodes communicated after t slots with
the convention R0 = {umin }. Now fix a node u and define dt
be the distance from u to the nearest node in Rt . Note that
d0 ≤ D. Define δt = dt−1 − dt as the progress made at time
t. Now, δt is a Bernoulli random variable with E[δt ] ≥ ζ
for all t, as long as dt > 0; δt = 0 after that. Let δ˜t be
Bernoulli random variable wherePδ˜t has the distribution of
δt as long as dt > 0 (equivalently ti=1 δi < d0 ), and an i.i.d.
Bernoulli
random variable with expectation ζ after that. Let
˜ t = Pt δ̃t . It is clear that for any t, P Pt δi < d0 =
∆
i=1
i=1

˜ t < d0 , thus we can focus on δ˜i exclusively.
P ∆
˜ t − ζt. Now, E(Zt |δ1 , δ2 . . . δt−1 ) = ∆
˜ t−1 −
Define Zt = ∆
ζ(t − 1) + E(δ˜t ) − ζ ≥ Zt−1 . Thus, Zt is a sub-martingale. If
t ≥ 5c1 ζ1 (D + log n) for a large enough constant c1 , then the
˜ t < d0 implies that Zt < d0 − ζt ≤ D − 5c1 (D +
event that ∆
log n) ≤ −4c1 (D + log n). We can now upper bound P(Zt ≤
−4c1 (D+log n)) using the Azuma-Hoeffding inequality (see,
e.g., [20, Thm. 12.4]). The Azuma-Hoeffding inequality for
sub-martingale Zt with |Zt − Zt−1 | ≤ ct looks as follows


−x2
P
.
P (|Zt − Z0 | ≤ −x) ≤ exp
2 · xk=1 ct 2

Filling in the value for t, ct ≤ 1, and x = 4c1 ζ1 (D + log n)
yields
!
−(4c1 (D + log n))2
P (Zt ≤ −4c1 (D + log n)) ≤ exp
P(5c (D+log n)
2 · k=11
1
≤ exp(−2c1 (D + log n)/5) .
A union-bound over all nodes u then yields the lemma.
Lemma 6 describes dissemination of root information to
other nodes, but we also need to ensure that umin realizes
this fact quickly.
Lemma 7. Let umin be the node with the globally minimum ID. Then by O(D +log n) slots, umin decides to become
the root.
Proof. Assume that the process described in Lemma 6
has communicated everyone. The passing of messages continues, and we are now interested in tracking the progress
of the A-messages. A node starts to transmit A-messages
once it has received the same from all of its children. Our
goal will be to claim that umin will fulfill the requirements of
sending an A-message in O(D + log n) steps, and, according
to the algorithm description, decide to become the root.
Consider a modified process, where within the M messages that a node transmits, it forwards the A-messages
from its descendants. Thus, an A-message will not be
stopped by waiting for a child, but will travel up the tree
independent of what happens in subtrees outside that path.
This modified process completes once A-messages from all
nodes in the tree have been forwarded to the root. It should
be clear that this occurs at exactly the same time as when
the root receives the last A-message from its children in the
original process.
In the modified process, we can track the progress of
each path hu0 , u1 , . . . , uk−1 , umin i from a leaf u0 to the root.
The process will remove nodes from this path in the order
u0 , u1 . . .. The current node ui is removed with a probability P(ui ), and this probability is set to the probability of
a message being successfully transmitted from ui to ui+1 ,
which can be lower bounded by ζ (as described in Lemma
6). The process can be modeled as a sub-martingale essentially identically the process in Lemma 6 and given a similar
concentration bound. A union bound over all leaf-to-root
paths then yields the lemma.
We also need to make sure of the following.
Lemma 8. No node other than the global minimum decides to become the root.
Proof. By contradiction, assume v > umin did decide
to become the root. As before, consider the tree between
nodes with r(u) = v with directed links from nodes to their
parents. All nodes with p(u) = v must clearly be part of v.
Also, to become the root, v needs to receive an A-message
from its children in the tree, and this recursively is true for
all nodes in the tree. Thus the links in the tree represent
A-messages as well.
Consider any simple path from a node in the tree to umin .
This path will not be empty since umin will never be part
of the tree. Let x be the first node on this path and y
be a neighbor of x in the tree. If r(x) = v then x has to
be part of the tree, a contradiction. On the other hand, if
r(x) 6= v then y will never fulfill the requirement needed for
an A-message and will not be part of the tree.

5.3

Stopping criterion and Schedule construction

The algorithm as described does not have a stopping criterion. This issue is easily dealt with. Once deciding to
become a root, umin can flood a high priority termination
message that will force out other messages and inform all
nodes in O(D + log n) rounds that a root has been found.
Since links used in this section can have SIN R ∈ [β1 , β),
we cannot compute a fixed schedule that is guaranteed to
work (since, links can fail even without any interference).
However, the following scheme will, with high probability,
schedule all links in O(D + log n) time in the aggregation
order. The links are simply the tree of A-messages ending up
in umin . Nodes can identify these links by one use of ncomm.
When scheduling these links in future, a node transmits its
outgoing link in each slot with probability q once it has
received messages from its children. This is essentially a
repetition of the process described in Lemma 7 and will have
the same running time.

5.4

Carrier sense assumption

For the algorithms of this section to work, we do not need
the full SINR or received power primitive assumed in Section
2. It is enough to know whether or not the received power
has exceeded a certain threshold. This applies both to the
result from [26] to form the dominating set, and the network
formation part. In the later part, nodes need to make sure
that they accept messages only from neighbors. For this, it
is enough to know if the distance from a sender has crossed a
certain threshold, equivalent to the crossing a received power
threshold, as mentioned.

6.

CONNECTIVITY IN A CLUSTER

Our goal in this section is to form a network among nodes
in a cluster, for all clusters simultaneously. In this part,
links will only form between nodes in a cluster, ending up
with an aggregation tree with the dominator as the root. As
the previous section provides aggregation among the dominators, these two structures, combined, provide the total
aggregation tree. Connectivity is achieved similarly. Since
links will only form between nodes in a cluster, which have
small radii, we need not worry about the transitional SINR
phase for this section: all established links in this section
will have SIN R ≥ β and thus will succeed with probability
1.
We use the following definition:
Definition 9. A set of clusters is well-separated if nodes
in different clusters are of distance at least
.
R̂ = Υ · 0 · ∆ ,
for a sufficiently large constant Υ.
Claiming the following:
Claim 6.1. The clusters are well-separated.
To achieve this, we run a a simple coloring scheme using
O(1) colors, running in time O(log2 n) (which is subsumed
by the overall runtime of this section). Details are provided
in Lemma 30 of Appendix B. The final aggregation schedule
contains the schedule for each color in order, followed by the
schedule for the dominators.

Since nodes can measure distances from message senders,
they can easily filter out stray communication from nodes
of different clusters via Claim 6.1.
We provide two methods to form connectivity or aggregation in a cluster. Both algorithms are based on the singlehop algorithm from [6]. The first is identical to it except for
the power assignment part (where we improve the running
time), and the second is a modification to achieve a potentially faster g-based run-time. We will address aggregation
in the following; identical results apply for connectivity in
all cases.

6.1 O(log ∆)-based runtime
Theorem 10. There is a distributed algorithm running
in time O(log ∆ log2 n) that computes, simultaneously for all
clusters, an aggregation network with the dominator as the
root, and a schedule of length O(log n).
We prove this by following closely arguments from [6],
with repeated use of an algorithm finding a large feasible
subset according to the following lemma:
Lemma 11. There is a distributed algorithm running in
time O(log ∆ log n) that, given a set of m nodes divided into
b disjoint clusters, finds a feasible set L of intra-cluster links
with E(|L|) = δ · (m − b), for some fixed constant δ.
We call a node v a top node with respect to a link set
L if v is not a sender of a link in L. We use the following
algorithmic framework (defined for a single cluster):
Algorithm 1 ClusterTree
Set i = 0 and Mi = M (the original input set)
for i = 0, 1, 2 . . . until |Mi | = 1 do
Construct feasible set L on Mi using alg. from Lem. 11
Let Mi+1 be the set of top nodes w.r.t. L
end for
Construct a link ` between {Mi } and the cluster dominator.
We output the schedule where the nodes in set Mi send
in slot i. We claim that this process takes O(log n) steps to
complete.
Lemma 12. Algorithm 1 ends after O(log n) iterations,
w.h.p., producing a spanning aggregation tree.
Proof. Note that by Lemma 11, E(|Mi+1 |) ≤ |Mi | −
E(|L|) ≤ (1 − 21 δ)|Mi |. We use this to argue termination.
−4

Claim 6.2. P(|Mt | > 1) ≤ n

, for t =

6 1δ

ln n.

Proof. Since Mi is non-increasing in i, for contradiction,
condition on all Mi ≥ 2 for i ≤ t. Then by Lemma 11
6 1 ln n

δ
1
1
1
E(|Mt |) ≤ 1 − δ
≤ e−3 ln n = n−4 ,
2
n
n
from which the claim follows by Markov’s inequality.
For any i, each node in Mi+1 \ Mi is connected by a link
to a node in Mi . Thus, every node is connected to a root,
and thus the structure is an aggregation tree. Note that by
the way the algorithm proceeds, the scheduling order of the

links follows the direction of the links in the tree. Also, note
that since each iteration uses a single slot, the bound on
iterations implies the bound on the number of slots in the
schedule, thus proving the theorem.
In the remainder of Sec 6.1, we will prove Lemma 11.

6.1.1

Choosing a feasible set

First, a few definitions. Given ν, define a ν-class-partition
to be a partition of a link set L into ν length classes L1 . . . Lν
sorted in descending order (with links in Li longer than those
in Li+1 ), along with the assumption that all links (i.e. nodes
involved in the links) know the index i of the length class
they belong to. Given a class-partition and a link ` in class
i, define S`− = ∪j≤i Lj \ {`} (i.e., the set of links in the same
or longer length classes), and similarly, S`+ = ∪j≥i Lj \ {`}.
The following was essentially shown in [6]:
Theorem 13. Consider a set of n nodes partitioned into
well-separated clusters. Then, there is an algorithm running
in time O(log ∆ log n) that finds a set L of links of expected
Ω(n) size, along with a log ∆-class-partition, with the property that for each link ` in L,

X  `0α
`0α
1
+ α
≤ τ, with τ =
. (3)
α
d
d
2β(1
+
4 · 3α )
0
0
``
` `
+
`0 ∈S`

In [6] (Sections 6, 7 and 8), this result was proven for one
cluster. But given well-separated clusters (Claim 6.1), the
arguments go through easily (details omitted). From this,
the following lemma follows easily (the proof is provided in
Appendix B):
Lemma 14. The link set L found by the algorithm of
Thm. 13 satisfies
X `α
= O(1) ,
(4)
dα
`0 `
−
`0 ∈S`

for each link ` ∈ L.
To find a feasible power assignment we need to tighten
property in Lemma 14. The proof of the following lemma is
given in Appendix B.
Lemma 15. Let L0 be a set of n links, along with a νclass-partition, satisfying Eqn. 4, such that for each link `
in L0 ,
X `α
≤C ,
dα
`0 `
−
`0 ∈S`

for some constant C. Then, there is a distributed algorithm
to find in O(ν) time a subset L of Ω(n) links, each satisfying
X `α
1
≤
.
(5)
α
d
4β
0
` `
0
` ∈L

6.1.2

Finding a feasible power assignment.

With these results in hand we give a distributed algorithm
computing a feasible power assignment respecting the power
limit. Assume we are given a set L of links satisfying Eqn. 5
along with a class-partition L1 , . . . Lν .
The algorithm runs in ν rounds, with links in Li computing their powers simultaneously in round i in two steps.

First, all links `0 in ∪j<i Lj (which have already received
their power) transmit with their assigned power p`0 . Each
link ` in Li measures the interference I`− at its receiver:
X
I`− = N +
p`0 /dα
`0 ` .
`0 ∈∪j<i Li

.

0

α

by definition of `,  and ∆, which implies that P ≥ 4βN ` .
Links ` ∈ L1 compute p` = 2β`α N , which is clearly less
than P . For i > 1, all links `0 in length classes Lj , j < i,
have p`0 ≤ P , by the inductive hypothesis. Thus, the power
p` of link ` in Li satisfies
X
p`0 α
p` = 2βN `α + 2β
`
d`0 `
0
` ∈∪j<i Lj

≤ 2βN `α + 2βP

X
`0 ∈S`−

≤ 2βN `α + 2βP

`α
d`0 `

1
4β

using the inductive hypothesis, Eqn. 5, and the bound
4βN `α ≤ P , respectively.
Theorem 17. The power assignment computed on set L
is feasible.
Proof. As mentioned, the algorithm is a parallel version
of an algorithm presented in [14, 15]. We show that this
is not a problem, and proof ideas from those papers carry
through.
We can bound the final
Pinterference received by a link `
as I`+ + I`− , where I`+ = `0 ∈S + p`0 /dα
`0 ` and
`
P
1
p` /`α .
I`− = N + `0 ∈S\(S + ∪{`}) p`0 /dα
.
Note
that I`− = 2β
`0 `
`

We first expand I`+ using the powers assigned:
1
dα
`0 `

(7)


=

X 
X 1 
`0α
0α 1
+
2β
p`00 α
2βN `
α
α
d`0 `
d`0 `
d`00 `0
+
−

`0 ∈S`




X X p`00 · `0α 
p`00 · `0α
+
 .
α
α
dα
dα
`0 ` · d`00 `0
`0 ` d`00 `0
+
+

X




 .

`00 ∈S 0
`

(8)
The first term is bounded by 2βN `0 ∈S + `0α /dα
`0 ` ≤ 2βN τ ,
`
by Eqn. 3. By rearranging indices, the second term is
P

α

`00 ∈S` `0 ∈S`

p`00 ·`0α
`0 ∈S`+ dα0 dα00 0
` ` ` `
p`00
, following
dα00

P

cases by 2 · 3 · τ ·

can be bounded in both
the precise arguments in

` `

Observation 4 of [13]. The first sum becomes
X
p 00
2β
2 · 3α · τ · α` ≤ 2 · 3α · τ · p` /`α ,
d
`00 `
−
`00 ∈S`

by the definition of p` . Using (7), the second sum is smaller
than 4β · 3α · τ · I`+ . Thus,
I`+ ≤ 2βN τ + 2 · 3α · τ · p` /`α + 4β · 3α · τ · I`+ ,
which we can solve for I`+ , obtaining:
I`+ ≤

2βN + 2 · 3α · p` /`α
.
1/τ − β · 3α

(9)

Using the bound 2βN ≤ p`/`α in (9) and plugging in the
1
p` /`α and thus I`+ + I`− ≤ β1 p` /`α ,
value for τ gives I`+ ≤ 2β
implying the required SINR. This together with the proof
for Lemma 16 concludes the proof.

6.2 g -based run-time

≤P ,

p` 0

`

The internal sum

Proof. The proof is by induction, closely resembling the
proof of Thm. 2.22 from [14]. Note that since we only have

1/α
P
intra-cluster links, we have that ` ≤ 12 0 ∆ ≤ 12 2N
,
β

`0 ∈S`+

dα
`0 `

`00 ∈S −0

`0 ∈S`+



`0α
p`00 α
d`00 `0

1

X

(6)

Lemma 16. All powers assigned by the algorithm above
are at most the maximum power P .

X

2β

`00 ∈S`− `0 ∈S`+

2β`α I`−

To show feasibility with limited power we need to show
that: a) power limits are not exceeded, and b) the SINR
constraints are fulfilled.

I`+ =

X

 X
≤ 2β 

Then, ` computes its power as
p` =

bounded by

To remove dependence on log ∆, we need to allow links to
form without careful round-by-round control. Indeed, this is
not too difficult, a O(g log n) algorithm that connects a set of
n nodes is easy to demonstrate (and has been done recently
in the unpublished [2]). However, for us, merely forming a
network is not enough. It has to have the structure allowing
extraction of a large feasible subset with Eqn. 5 holding. To
do this, we must exert control over link length without the
stringent conditions of the O(log ∆)-based algorithm.
We prove the following theorem:
Theorem 18. There is an algorithm running in time
O(g 2 log2 n) that forms an aggregation network for all clusters with cost O(log n).
We need to prove the following counterpart of Lemma 11:
Lemma 19. There is a distributed algorithm running in
time O(g 2 log n) that, given a set of m nodes divided into b
disjoint clusters, finds a feasible set L of intra-cluster links
with E(|L|) = δ · (m − b), for some fixed constant δ.
Once this lemma is proven, the overall performance of the
algorithm from Thm. 18 follows from the same argumentation for the log ∆ based algorithm.
We first provide an algorithm to form a set in O(g log n)
time that connects the nodes (without a cost guarantee at
this point):
Lemma 20. There is an algorithm that connects the nodes
(and finds an aggregation and a complementary broadcasting
network) in each cluster in time O(g log n).

Once we prove this, we will relate it to feasibility and
power assignments in Section 6.2.1 to achieve Lemma 19.
The algorithm proceeds in rounds running in O(log n)
time and continues until there is only one active node in each
cluster. When this happens the dominators of the clusters
will terminate the algorithm. We will prove in the analysis
that the latter will happen within g rounds, thus explaining
the running time.
Each round contains three phases. The first two phases
run in O(log n) time. In the first phase active nodes decide
whether to participate and in the second phase links are
formed. The last phase only takes a constant number of
slots for the dominator to decide whether to proceed to the
next round or to terminate the algorithm. All nodes start
out active.
Participation Decision (PD): During this phase, an
48
ln n
active node u transmits with probability q for q(1−q)
slots. When not transmitting, it listens for messages. If,
at the end of this phase, u has heard from some node more
than 12 ln n times, it sets δu = d(u, z), where z is the nearest
node from which it has heard in this phase. Otherwise it sets
δu = 0.
48
Link Formation (LF): This phase contains q(1−q)
ln n
slot pairs (a slot pair is simply two consecutive slots). In
the first slot still active nodes transmit with probability
q. If a non-transmitting (but active and participating)
node u receives such a message from v such that d(u, v) ≤
4 min{δu , δv } (where δv is encoded in the message from v),
then u acknowledges the message with probability q. If v
receives the acknowledgment, the link ` = (v, u) is created
and v becomes inactive.
Termination Decision: In the first slot all active nodes
transmit and the dominators listen. If a dominator received
no message, the algorithm proceeds to the next round. If
the dominator did receive a message from a node x, then
the dominator broadcasts in the following slot telling all active nodes except x to retransmit in the next slot. If in
this next slot the dominator receives a message, the algorithm proceeds to the next round. If the dominator doesn’t
receive a message, it measures the received power. If the
received power is > 2P/(0 ∆)α the algorithm proceeds to
the next round (note that this is the lower bound on the
received power from a node in the same cluster). Otherwise the dominator decides that x is the only active node in
the cluster and the cluster stops trying to form new nodes.
In the last slot of the phase the dominators broadcast their
decisions.
We claim that this algorithm connects the set (with an
aggregation and a complementary broadcasting network) in
time O(g log n).
We prove the following:
Theorem 21. Within the first g rounds, the above algorithm finds a set of links that connects each cluster.
To prove this we first show the following:
Lemma 22. Consider the execution of any round of the
algorithm, and assume that the minimum distance among
active nodes is d. Let φ(u) be the distance from active node
u to the nearest active node. Then:
1. If φ(u) ∈ [d, 2d), then δu = φ(u).
2. If δu > 0, then δu = φ(u).

Proof. The first part says that nodes that have the closest possible neighbors (up to a factor of 2), hear from them
Ω(log n) times, thus setting φ(u) as claimed in the Lemma.
We prove this using a technique very similar to Lemma 4
(also known from [6] – Lemmas 5 and 6) and the use of a
Chernoff bound.
Claim 6.3. The probability of node u hearing from a
given node v with d(u, v) ≤ 2d in a given time slot of the
PD or LF-phases is at least 21 q(1 − q), when q is sufficiently
small.
Proof. The proof of this claim is almost identical to that
of Lemma 4. We set κ = 1, since the graded SINR region
does not play a role. Furthermore, instead of a given density
we use a minimal distance of d between active nodes but this
does not influence the proof.
Claim 6.4. If φ(u) ∈ [d, 2d), then δu = φ(u).
Proof. Let v be the closest neighbor of u, in which case
d(u, v) ≤ 2d. By Claim 6.3, the probability that u receives a message from v in any given time slot is at least
1
q(1 − q). Letting X be the number of successful (u, v)
2
transmission in the PD-phase, we get that E(X) ≥ 24 ln n.
Using the Chernoff bound (2) with δ = 1/2, it follows that
P (X ≤ 12 ln n) ≤ n−3 .
The second claim from the lemma is a bit different. Note
that this claim places no restriction on φ(u). What the claim
says is that if u does hear from some node ≥ 12 ln n times,
it will be able to compute φ(u) correctly.
In the following definition we capture the case where a
node y would receive a message from a node x if the latter
was transmitting and the former was not. The definition
specifies no behavior for the two nodes, beyond the fact that
such a transmission would succeed were it to occur.
Definition 23. Consider two nodes x and y forming the
(potential) link ` = (x, y). The event ps(x, y) is said to
occur in a slot if SIN R(`, T ) ≥ β, where T is the set of
nodes transmitting in the slot.
Claim 6.5. Consider any three points u, x and y such
that d(u, x) ≤ d(u, y). Then, P(ps(x, u)) ≥ P(ps(y, u)).
Proof. Since interference is computed at the receiver,
the interference from any point z received at u is identical
for (x, u) and (y, u). The signal is at least as strong for (x, u)
since x is the closer node. Thus, for any configuration for
which (y, u) succeeds, so will (x, u). The claim follows.
Claim 6.6. Let u be a node and v be a node from which
u received at least 12 ln n messages during the PD-phase.
1
.
Then, during each slot of the PD-phase, P(ps(v, u)) ≥ 12
Proof. Let P(ps(v, u)) = ρ. The probability that v successfully transmits to u in any given slot is q(1 − q) · ρ,
so the expected number over the whole phase is E(X) =
48
ln n = 48ρ ln n. Suppose for contradiction
q(1 − q) · ρ · q(1−q)
1
that ρ < 12 . Let X be the number of successful (v, u) transmissions in the phase. Noting that success is i.i.d. across
slots, we employ the following Chernoff-type bound [20]:

E(X)
δ
P (X ≥ (1 + δ)E(X)) < (1+δ)e (1+δ)
. Using δ = 2 it

gives that P (X ≥ 12 ln n) ≤



e2
27

4 ln n

≤ n−4 , implying that

6.2.1

Link selection and power control

with high probability the message (u, v) will not succeed the
required 12 ln n times.

We now show how to select a feasible set from the link set
constructed above. We need a crucial definition from [6]:

Now we can prove the second claim in Lemma 22. If
δu > 0, there was a v from which u received at least 12 ln n
1
.
messages in the PD-phase From Claim 6.6, ps(v, u) ≥ 12
Let z be the node closest to u (thus d(z, u) = φ(u)). Then
1
. Now the probability that u has
by Claim 6.5, ps(z, u) ≥ 12
 48
1
never heard from z is at most 1 − 12
q(1 − q) q(1−q) ln n ≤
e−4 ln n = n−4 .

Definition 26. A set L of links is ψ-sparse if, for every
closed ball B in the plane,

Which proves Lemma 22 and leads to the following:

Lemma 27. For the link set constructed in the previous
section, consider the nodes with degree bounded by some
(large constant) C. The link set induced by these nodes is
O(C)-sparse and has expected size Ω(n).

Lemma 24. After each round, the minimum distance
among active nodes increases by a factor of 2.
Proof. Let d be the minimum distance at the beginning of the round. Consider any two active nodes u, v with
d(u, v) ≤ 2d. Now by the first part of Lemma 22, δu > 0
and δv > 0 (i.e. both of them actively participate in the link
formation phase). By Claim 6.3 there is a constant probability of the link (u, v) forming in each slot pair of the link
formation phase. An application of the Chernoff bound over
the Ω(log n) slot pairs proves the Lemma.
The proof of Thm. 21 now follows automatically, since
each of the g non-empty length classes are exhausted in
O(log n) slots.
To prove the actual runtime and correctness of the algorithm we now need to show that dominators terminate at
the correct moment.
Theorem 25. Every dominator correctly determines
within g rounds that there is at most one active node in its
cluster and succeeds to subsequently terminate the algorithm
for his cluster.
Proof. We need to prove:
Claim 6.7. A dominator does not mistakenly decide that
there is only one active node in the cluster.
Proof. If a message was not received in the slot, the
dominator decides correctly. If a message was received from
x, let y be another active node in the cluster. Since it transmits in the second slot, from the cluster radius it can be
verified that the received power at the dominator will be
larger than the threshold and thus the dominator will decide correctly to enter the next round.
Moreover,
Claim 6.8. Within g rounds, a dominator decides that
there is only one active node in the cluster.
Proof. After g rounds there will be exactly one active
node in each cluster. By Lemma 32, in the first slot, each
dominatee will hear from this node . Thus, we enter the case
of second slot, where no one transmits. The noise level is
not enough to break the received power threshold and thus
the dominators will correctly decide the existence of only
one active node.
If each dominator broadcasts a message, all nodes in the
respective clusters will receive the relevant message (details
provided in Lemma 32 in Appendix B). And thus every
dominator succeeds to inform their cluster of their decision.
A union bound over all nodes completes the proof of the
Theorem.

B ∩ L(8 · rad(B)) ≤ ψ ,
where rad(B) is the radius of B, L(d) is the set of links in
L of length at least d, and B ∩ Q denotes the links in a set
Q with at least one endpoint in ball B.

Proof. Every time a node forms a link, it has probability
of becoming inactive (and thus forming no more links).
Thus, the probability of a node having more than C incident
links falls exponentially. The statement about the expected
size being Ω(n) follows from this (also see Thm. 8, [6]).
For sparsity, consider any disc B of radius ρ in the plane.
Let L be the set of links induced by the node considered in
the statement of the Lemma. We claim that at most one
node in B has a node incident to a link in L(8 · ρ) ∩ B, from
which C-sparsity follows since the node has degree at most
C.
For contradiction, assume that there are two such nodes u
and v. Assume without loss of generality that v is active in
the slot pair when u forms the first link in L(8 · ρ) ∩ B (call
this link `). Then φ(u) ≤ d(u, v) ≤ 2ρ < `. But then, by
Lemma 22 and the description of the link formation phase,
the link ` cannot be formed. This is a contradiction.
1
2

It is known that O(1)-sparsity implies Eqn. 4 [7]. It would
appear that the link selection and power control algorithm
of Section 6.1 applies at this point. Specifically, one could
invoke Lemma 13 and the algorithm for power assignment
from Section 6.1.2 setting ν = g (instead of ν = log ∆),
achieving a O(g) running time. However, in this case, the
assumption that link ` knows the Li it belongs to is missing.
In the g-based algorithm, links can form out of order, thus
the round i in which it was formed is not indicative of the
Li it belongs to.
R̂
, ∆] and
To this end, links of length in the range [ n10/α
links of smaller lengths are considered separately. The larger
of the two feasible sets extracted from these two sets enter
∆
∆
the solution. For the longer set, link ` ∈ [ 2i−1
, 2i−2
) gets
the index i, for a total of O(log n) indices. This is precisely
the same type of partition employed in the O(log ∆) based
algorithm, thus a O(log2 n) time algorithm suffices to choose
and assign powers to a constant factor feasible set, in the
same way described for the O(log ∆) based algorithm. This
runtime is subsumed by the runtime of other parts of the
algorithm.
R̂
.
Let us assume now that all links are shorter than n10/α
For these links the index i can be learned with some extra
cost:
Lemma 28. Assume all links have length shorter than
. All links can learn the Li (i ≤ g) to which they
belong in O(g 2 log n) time.
R̂

n10/α

Proof. Let us limit ourselves to a single cluster first.
Let M be the maximum length of a link in L. We simply
aggregate this value up to the root. Aggregating from nodes
up to a dominator takes time O(g log n) (since the connected
set formed in time O(g log n) includes an aggregation tree).
This value can be transmitted back from the root to each
node in a single broadcast, and links with length in [M, M/2)
set i = 1. Now the maximum link length smaller than M/2
is aggregated in a similar way, and recursively until all links
are exhausted. This process takes g rounds of aggregation
for a total cost of O(g 2 log n).
As mentioned, the above ignores the possibility that links
from different clusters of widely varying lengths may be assigned the same i. We argue that since inter-cluster separation is much larger than the lengths of the links, this does
not matter. We shall demonstrate this using the case of Eqn.
3, the case of others are similar. The equation is as follows:
X `0α
`0α
+ α ≤τ .
α
d``0
d`0 `
+

`0 ∈S`

Note that by Claim 6.1, if ` and `0 are in different clusters, d`0 ` ≥ R̂. On the other hand, ` and `0 are both up0α
0α
R̂
. Thus, d`α + d`α is bounded by
per bounded by n10/α
``0

2
,
n10

`0 `

which even summed over at most n possible links is
a minuscule value which does not asymptotically affect the
bound.
With this lemma in hand, the arguments of Lemma 13 and
Section 6.1.2 now apply directly, with ν = g, thus achieving
the claimed results from Lemma 19 and consequently Thm.
18.

7.
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β1
. Now we
1−(1−1/20 )1/α

α
(∆(1−1/20 ))α
c`
= η0 ,∆ 1t
where η0 ,∆
(∆·t)α )
0

we get c` =

rewrite ax (`) ≤
is a constant de-

pending on  and ∆.

E(aBr (`)) = E(aBr ∩A0 (`)) +

X

E(aBr ∩At (`))

t≥1

APPENDIX
A.

≤ qη0 + qβ1 η η
0

MISSING PROOFS FROM SECTION 5

Proof. Let link ` = (u, v). Note that d(u, v) ≤ ∆(1 −
1/20 ) since u and v are neighbors. Let Br be the set of
nodes transmitting in a given time slot. Note that
P(u ∈ Br and v ∈
/ Br ) = q(1 − q) .
For t = 0, 1, . . . define Ct to be the ball around v of radius
∆(t + 1) + η, and define the annulus At as A0 = C0 , At =
Ct \ Ct−1 for t ≥ 1.
By definition of constant density, L contains at most φ
nodes in every ball with radius η. We cover the annulus At
with balls of radius η.
The limit of the
√ ratio of the area of At to the area of
smaller balls is 32π3 [12]. All balls intersecting At are completely within the annulus containing the ball around v with
radius ∆(t + 1) + 2η, but not containing the ball around v
with radius ∆t − 2η. And thus we can write for At
√
π(∆(t + 1) + 2η)2 − π(∆t − 2η)2
3 3
≥
,
χt πη 2
2π
where χt is the number of smaller balls needed to cover At .
This equation has the solution
χt ≤

32(1 + 0 )(1 + 2t)
√
.
3 302 π

Note that At contains at most φ · χt nodes in L. This means
there is a constant η0 depending on 0 such that |At ∪ L| ≤
η0 t.
2
∆4 (40 +02 )
√
.
Solving a similar equation for A0 gives χ0 ≤
384 3π
We will denote the upper bound on |A0 ∪ L| ≤ χ0 · φ with
η0 .
We use the notion of affectance, introduced in [4, 8] and
refined in [16]. The affectance aw (`) on link ` from a sender
w is the interference of w on v relative to the power received,
or


α 
d(u, v)
Pw
aw (`) = min 1, c`
·
,
Pu
d(w, v)
where c` = β1 /(1 − β1 N d(u, v)α /Pu ) depends only on the
parameters of the link `. The equation SIN R ≥ β1 can be
rewritten as aL (`) ≤ 1 and thus is ` successful with probability κ iff aL (`) ≤ 1.
We bound the affectance on ` by the other nodes in
Br . For x ∈ Br ∩ A0 , ax (`) ≤ 1, by the definition of affectance. For x ∈ Br ∩ At for t ≥ 1, d(x, v) ≥ ∆ · t

1/α
0 α
))
. Using ∆ = β1PN
and thus ax (`) ≤ c` (∆(1−1/2
(∆·t)α )

X  1 α
t

t≥1

We restate Lemma 4 as follows:
Lemma 29. Let L be an η-dominating set with constant
density φ. Then if each node in L transmits with (small
enough) probability q, the probability of a transmission from
node u to node v is successful, given that u and v are neighbors, is κ 21 q(1 − q).

0 ,∆

≤ qη0 + qβ1 η0 η0 ,∆

·t

1
,
α−2

P
1
on the Riemann
using the bound ζ(x) = n≥1 n1x ≤ x−1
1
zeta function. Thus, for any q ≤ (4η0 q+qη0 η0 ,∆ α−2
)−1 , we
get that E(aBr (`)) ≤ 1/2. By Markov’s inequality, aBr (`) ≤
1 with probability at least 1/2. Thus,
1
q(1 − q) ,
2
and thus the probability of a successful transmission is
κ 12 q(1 − q), which concludes the proof.
/ Br ) ≥
P(aBr (`) ≤ 1 and u ∈ Br and v ∈

Similarly, we restate Lemma 5.
Lemma 5: Let every node transmit with sufficiently low
probability q during O(log n) slots. Then each node succeeds
in transmitting to each of its neighbors Ω(log n) times, with
high probability.
Proof. By Lemma 4 the probability that a node u succeeds in transmitting to a fixed neighbor v is 12 κ · q(1 − q).
Now let X be the number of successful transmissions in
(1/2)κ·q(1−q))−1 C ln n slots, where C is a constant. Clearly
E(X) = C ln n. Set δ = 1 − 1/C, then (1 − δ)E(X) = ln n.
The Chernoff bound states here
2

P(X ≤ ln n) ≤ n−C(1−1/C)

/2

,

which means that the number of successful transmissions is
O(log n) with high probability.

B.

MISSING PROOFS FROM SECTION 6

Coloring
Lemma 30. Given an η-dominating set with constant
density φ, the dominators can color themselves using a constant number of colors in O(log2 n) slots so that the corresponding clusters having dominators with the same color
satisfy Claim 6.1.
Proof. This proof uses the definition of neighbor and
ncomm from Section 5. Recall that for a dominator, a neighbor is a dominator within distance ∆(1 − 0 /2). The primitive ncomm allows dominators to contact each neighboring
dominator within O(log n) slots.
Since the dominators form an η-dominating set we need
the minimum distance between two dominators to be at least
Υ · 0 · ∆ + 2 · η to satisfy the claim.
Since the density is constant, the number of other dominators within a distance of (Υ+1/2)0 ·∆ of a dominator is a
(larger) constant γ. We assume 0 is small enough such that
(Υ + 1/2)0 < 1 − 0 (otherwise, nodes can choose 0 small
enough to ensure this, as Υ is independent of 0 ). Nodes
within this distance of each other are clearly neighbors.
Nodes start out with the same color. Nodes can have
one of two states – finished or violator. All nodes start out

as violator. The algorithm contains O(log n) rounds, each
with O(log n) slots. In the first slot of the round, violators
choose a color from {1 . . . 10γ}. Then an ncomm is used
for all nodes to be informed about their neighbors colors,
which takes O(log n) slots. Nodes that are not finished and
have the same color as a neighbor remain violators. The
probability of a violator to become finished is at least (1 −
1 10γ−1
)
, which is lower bounded by a constant. Thus in
10γ
O(log n) rounds, all nodes will become finished w.h.p. It is
clear that a valid coloring of the finished nodes exists.

for any `0 in |A0 |.



α
X
X
(2d)
`α
min 1, α
≤ c · |A0 | +
|At | ·
d` 0 `
d(t + 1)
−

Proof of Lemma 14

Proof of Lemma 15

In Thm. 3 in [13] it is proved that a set with property described in Eqn. 3 is feasible. The remainder of the proof is
analogous to Thm. 1 of [13].
We use the signal strengthening technique from [8] to decompose S`− into d2 · 3α /βe2 sets, which makes the set feasible with β 0 = 3α for every transmission. Since there is a
constant number of sets we prove the lemma for one set.
Consider links `0 and `00 with d`0 `00 ≤ d`00 `0 in such a set
−0
S` . We know the SINR condition is fulfilled with β 0 = 3α
and thus for for some arbitrary power assignment we have

The algorithm proceeds in rounds. The solution set S starts
out empty, with links in Li adding themselves to the solution
simultaneously in round i, explaining the runtime.
In round i, nodes currently in S transmit with power P .
Any node ` in Li transmits with power P with small constant
1
, and adds itself to the solution set if it
probability 16βC
succeeds with SIN R ≥ 4β. Thus,

t≥1

`0 ∈S`

≤ c · |A0 | +

33t

t≥2
α

≤ c · 16 + 2

 α
2
t

1
33
α−2

= O(1) .

P

`0 ∈S`

P/`α
≥ 4β ,
(P/dα
`0 ` ) + N
−

which implies

p(`00 )
p(`00 )
p(`0 )
p(`0 )
and
,
≥ 3α
≥ 3α
0α
00α
`
d`00 `0
`
d`0 `0

X
`0 ∈S`−

and by multiplying
d`00 `0 · d`0 `00 ≥ 9 · `0 · `00 .

(10)

By the triangle inequality we get
d`0 `00 · d`00 `0 ≤ dne`0 `00 · (`00 + d`0 `00 + `0 ) .

(11)

Note that d`0 `00 ≥ min{2`0 , 2`00 }. By contradiction, if
d`0 `00 < 2`0 and d`0 `00 < 2`00 then by Eqn. 11, we get
d`0 `00 · d`00 `0 < 2 min(`0 , `00 ) · 4 max(`0 , `00 ) = 8 · `0 · `00 which
contradicts Eqn. 10. Remember that `0 , `00 ≥ 21 ` and thus
d`00 `0 ≥ d`0 `00 ≥ ` and thus the distance between any of the
nodes in {s, s0 , r, r0 } is at least 12 `. To simplify notation we
use d = 21 `.
For the remainder of the proof we use the same technique
as in the proof for Lemma 4. For t = 0, 1, . . . define Ct to be
the ball around node v (the sender of `) of radius d(t + 1),
and define the annulus At as A0 = C0 , At = Ct \ Ct−1 for
t ≥ 1. We compute
Area(At ) = πd2 (2t + 1) .

(12)
0

Since the distance between any two points in S`− is at least
0
d, balls of radius d4 around any pair of points in S`− do
not intersect. Combining this with Eqn. 12, we see that for
0
t ≥ 1, At contains at most 16(2t + 1) ≤ 33t nodes in S`−
(note that |A0 | ≤ 16).
α
Since L is feasible we know for any link `0 ∈ L that d` 0 =
` `

O(1) and thus that there is a constant c such that

X

`α
d `0 `

≤c

1
N
`α
≤
−
,
dα
4β
P
`α
``0

from which bound claimed in the Lemma follows.
Let L0i be the links sending in phase i and let L∗i be the
links that succeeded. We claim that using a sufficient power
assignment at least a constant fraction of Li gets selected.
For every link ` in L0i the expected value for the sum is


X `α
≤ 1 .
E
dα
16β
``0
0
0
` ∈S∪Li

Using Markov’s inequality we argue that for every i at least
half the nodes in Li will have


X `α
≤ 1 .
E
α
d
8β
``0
0
0
` ∈S∪Li

8β
N `α

Assuming P ≥
these links will have SIN R ≥ 4β and
consequently will add themselves to the set. From which the
lemma follows.

Cluster broadcast
Lemma 31. Assume a set of well-separated clusters. Fix
a cluster and a node x in it, and assume that exactly one
node is transmitting from each of the other clusters. Then
the received power at x from the transmitting nodes in other
clusters is ≤ (2βP0 ∆)α .
Proof. For t = 1, 2 . . . define At = Ct+1 \ Ct , where Ct
is the R̂t/2-ball around x. It is clear that all transmitting
nodes in other clusters must belong to an At . Furthermore,
it is easily computed that the area of At is
Area(At ) = π R̂2 /4(2t + 1) .

(13)

Since the clusters are well-separated, R̂/2-balls around
nodes in different clusters do not intersect. Combining this

with Eqn. 13 and the assumption that exactly one node is
transmitting in each cluster, we see that At contains at most
2t + 1 ≥ 3t transmitting nodes, for all t ≥ 1 .
The power received at x from these nodes is then at most
X 3tP
3P X 1
1
P
3P
=
≤
=
tα−1
β(0 ∆)α
(R̂t/2)α
(R̂/2)α
(R̂/2)α α − 2
t≥1

t≥1

Here the first equality is by rearrangement, the second
is by
P
bounding the sum by using the bound ζ(x) = n≥1 n1x ≤
1
on the Riemann zeta function, and the last inequality
x−1

1/α
3β
is by assuming Υ ≥ 2 α−2
.
Lemma 31 implies the following:
Lemma 32. Assume at most one node transmits in each
cluster. Then all nodes in a cluster that has a transmitting
node will receive the message.
Proof. Consider any node x in a cluster where a node
y in transmitting. The signal received at x from y is at
. By Lemma 31 the interference at x from other
least (02P
∆)α
transmitting nodes is at most β(0P∆)α . Plugging in the value
of noise, N = β1P∆α , gives
SIN R =

2P
(0 ∆)α
P
β1 ∆α

+

P
β(0 ∆)α

= 

2
1
β1

+

1
β0α



≥
0α

2
=β,
2 β10α 0α

Here the equalities are by rearrangement and the inequality
 1/α
is by using 0 ≤ ββ1
.

