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1 Introdu
tionThe data migration problem arises in large storage systems, su
h as Storage Area Net-works [13℄, where a dedi
ated network of disks is used to store multimedia data. As thedata a

ess pattern 
hanges over time, the load a
ross the disks needs to be rebalan
ed soas to 
ontinue providing eÆ
ient servi
e. This is done by 
omputing a new data layout andthen \migrating" data to 
onvert the initial data layout to the target data layout. Whilemigration is being performed, the storage system is running suboptimally, therefore it isimportant to 
ompute a data migration s
hedule that 
onverts the initial layout to thetarget layout qui
kly.This problem 
an be modeled as a transfer graph [14℄, in whi
h the verti
es representthe storage disks and an edge between two verti
es u and v 
orresponds to a data obje
tthat must be transferred from u to v, or vi
e-versa. Ea
h edge has a pro
essing time (orlength) that represents the transfer time of a data obje
t between the disks 
orrespondingto the end points of the edge. An important 
onstraint is that any disk 
an be involved inat most one transfer at any time.Several variations of the data migration problem have been studied. These variationsarise either due to di�erent obje
tive fun
tions or due to additional 
onstraints. One 
om-mon obje
tive fun
tion is to minimize the makespan of the migration s
hedule, i.e., thetime by whi
h all migrations 
omplete. Co�man et al. [6℄ introdu
ed this problem. Theyshowed that when edges may have arbitrary lengths, a 
lass of greedy algorithms yieldsa 2-approximation to the minimum makespan. In the spe
ial 
ase where the edges haveequal (unit) lengths, the problem redu
es to edge 
oloring of the transfer (multi)graph ofthe system for whi
h an asymptoti
 approximation s
heme is now known [21℄.Hall et al. [9℄ studied the data migration problem with unit edge lengths and 
apa
ity
onstraints; that is, the migration s
hedule must respe
t the storage 
onstraints of the disks.The paper gives a simple 3=2-approximation algorithm for the problem. The papers [9, 1℄also present approximation algorithms for the makespan minimization problem with thefollowing 
onstraints: (i) data 
an only be moved, i.e, no new 
opies of a data obje
t 
anbe 
reated, (ii) additional nodes 
an assist in data transfers, and (iii) ea
h disk has a unitof spare storage. Khuller et al. [13℄ solved a more general problem, where ea
h data obje
t
an also be 
opied. They gave a 
onstant fa
tor approximation algorithm for the problem.Another obje
tive fun
tion is to minimize the average 
ompletion time over all datamigrations. This 
orresponds to minimizing the average edge 
ompletion time in the trans-fer graph. For the 
ase of unit edges lengths, Bar-Noy et al. [3℄ showed that the prob-lem is NP-hard and gave a simple 2-approximation algorithm. For arbitrary edge lengths,Halld�orsson et al. [11℄ gave a 12-approximation algorithm for the problem. This was im-proved to 10 by Kim [14℄.In this paper, we study the data migration problem with the obje
tive of minimizing2



the average 
ompletion time over all storage disks. Indeed, this obje
tive favors the in-dividual storage devi
es, whi
h are often geographi
ally distributed over a large network.It is therefore natural to try and minimize the average amount of time that ea
h of these(independent) devi
es is involved in the migration pro
ess. For the 
ase where verti
eshave arbitrary weights, and the edges have unit length, Kim [14℄ proved that the problemis NP-hard and showed that Graham's list s
heduling algorithm [7℄, when guided by anoptimal solution to a linear programming relaxation, gives an approximation ratio of 3. Shealso gave a 9-approximation algorithm for the 
ase where edges have arbitrary lengths. Weshow that the analysis of the 3-approximation algorithm is tight, and for the 
ase whereedges have release times and arbitrary lengths, we give a 5:06-approximation algorithm.A problem related to the data migration problem is non-preemptive open shop s
hedul-ing, denoted by Ojrj jPwjCj in the standard three-�eld notation [15℄. In this problem, wehave a set of jobs, J , and a set of ma
hines M1; : : : ;Mm. Ea
h job Jj 2 J 
onsists of a setof m operations: oj;i has the pro
essing time pj;i and must be pro
essed on Mi, 1 � i � m.Ea
h ma
hine 
an pro
ess a single operation at any time, and two operations that belong tothe same job 
annot be pro
essed simultaneously. Also, ea
h job Jj has a positive weight,wj , and a release time, rj , whi
h means that no operation of Jj 
an start before rj . Theobje
tive is to minimize the sum of weighted 
ompletion times of all jobs. This problemis MAX-SNP hard [12℄. Chakrabarti et al. [5℄ gave a (5:78 + �)-approximation algorithmfor the 
ase where the number of ma
hines, m, is some �xed 
onstant. They also gavea (2:89 + �)-approximation algorithm for the preemptive version of the problem and �xednumber of ma
hines. For arbitrary number of ma
hines, Queyranne and Sviridenko [19℄presented algorithms that yield approximation fa
tors of 5:83 and 3 for the non-preemptiveand preemptive versions of the problems, respe
tively. The approximation fa
tor for thepreemptive version was subsequently improved to (2 + �) by the same authors [18℄.Our Contribution Sin
e the open shop s
heduling problem is a spe
ial 
ase of the datamigration problem all of our positive results for data migration apply to open shop s
hedul-ing. Note that the MAX-SNP hardness of the data migration problem follows from theMAX-SNP hardness of open shop s
heduling [12℄. Our main result is a 5:06-approximationalgorithm for the data migration problem with arbitrary edge lengths. Our algorithm isbased on rounding a solution of a linear programming (LP) relaxation of the problem. Thegeneral idea of our algorithm is inspired by the work of Halld�orsson et al. [11℄ in that theedges have to wait before they are a
tually pro
essed (i.e., data transfer begins). Eventhough the high-level idea is similar, there are subtle di�eren
es that are 
ru
ial to theimproved results that we present here. Our method 
ombines solutions obtained by usingtwo di�erent wait fun
tions. It is interesting to note that ea
h solution (when all edges arereleased at time 0) is a 5:83-approximate solution, whi
h is the approximation ratio obtained3



by Queyranne and Sviridenko [19℄. In their algorithm arti�
ial pre
eden
e 
onstraints arede�ned and after that a s
hedule is obtained by a greedy algorithm whereas in our work arti-�
ial wait fun
tion for the edges (edges have to wait for some times before being pro
essed)is de�ned after whi
h a s
hedule is obtained using a greedy approa
h. To obtain an approxi-mation ratio better than 5:83, we 
ru
ially use a property of the LP relaxation that we provein Lemma 3.1. Although the LP relaxation has been used earlier [23, 17, 20, 10, 14, 19℄,we are not aware of any previous work that uses su
h a property of the LP. Our te
hniquemay be useful for deriving improved results for other shop s
heduling problems.For the 
ase where edges have unit lengths, we show, by giving a tight example, thatthe list s
heduling analysis of Kim [14℄ is tight. This illustrates the limitations of the LPrelaxation. Finally, we study the open shop problem under operations 
ompletion time
riteria (
f. [19℄); that is, we sum the 
ompletion times of all operations for every job. Forthe spe
ial 
ase of unit length operations with arbitrary non-negative weights, we show thatan algorithm of [11℄ yields a 1:796 approximation algorithm for the problem.2 Relation of Data Migration and Open Shop S
hedulingIn this se
tion, we formally state the data migration and open shop s
heduling problemsand show that the latter is a spe
ial 
ase of the former.Data Migration Problem We are given a graph G = (V;E). The verti
es representstorage devi
es, and the edges 
orrespond to data transmissions among the devi
es. Wedenote by E(u) the set of edges in
ident on a vertex u. Ea
h vertex v has weight wv andpro
essing time 0. Ea
h edge e has a length, or pro
essing time, pe. Moreover, ea
h edgee 
an be pro
essed only after its release time re. All release times and pro
essing timesare non-negative integers. The 
ompletion time of an edge is simply the time at whi
h itspro
essing is 
ompleted. Ea
h vertex v 
an 
omplete only after all the edges in E(v) are
ompleted. Sin
e ea
h vertex v has the pro
essing time 0, the 
ompletion time, Cv, of v isthe latest 
ompletion time of any edge in E(v). The 
ru
ial 
onstraint is that two edgesin
ident on the same vertex 
annot be pro
essed at the same time. The obje
tive is tominimizePv2V wvCv.Open Shop S
heduling Problem We are given a set of jobs J = fJ1; : : : ; Jng, tobe s
heduled on a set of ma
hines M = fM1; : : : ;Mmg. Ea
h job Jj has a non-negativeweight wj ; also, Jj 
onsists of a set of m operations oj;1; : : : ; oj;m, with the 
orrespondingpro
essing times pj;i, 1 � i � m; the operation oj;i must be pro
essed on the ma
hineMi. Ea
h ma
hine 
an pro
ess at most one operation at any time, and no two operationsbelonging to the same job 
an be pro
essed simultaneously. The 
ompletion time Cj of ea
h4



job Jj is the latest 
ompletion time of any of its operations. The obje
tive is to minimizePJj2J wjCj .The open shop s
heduling problem is a spe
ial 
ase of the data migration problem, asshown by the following redu
tion. Given an instan
e of the open shop s
heduling problem,
onstru
t a bipartite graph B = (J;M;F ) as follows. Ea
h vertex j` 2 J represents a jobJ` 2 J , and ea
h vertex mi 2 M represents a ma
hine Mi 2 M. The edge (j`;mi) 2 Fwith pro
essing time p`;i 
orresponds to the operation o`;i, 1 � i � m. Assign wmi = 0 toea
h vertex mi 2 M , and wj` = w` (i.e., the weight of the job J`) to ea
h vertex j` 2 J .It is now easy to verify that any data migration s
hedule for B is a valid solution for the
orresponding open shop problem.In the remainder of the paper, we 
onsider only the data migration problem, with theunderstanding that all of our results apply to open shop s
heduling.3 A Linear Programming RelaxationThe linear programming relaxation for the data migration problem (without release times)was given by Kim [14℄. Su
h relaxations have been proposed earlier by Wolsey [23℄ andQueyranne [17℄ for single ma
hine s
heduling problems and by S
hulz [20℄ and Hall etal. [10℄ for parallel ma
hines and 
ow shop problems. For the sake of 
ompleteness, westate below the LP relaxation for the data migration problem.For an edge e (vertex v) let Ce (Cv) be the variable that represents the 
ompletion timeof e (resp., v) in the LP relaxation. For any set of edges S � E, let p(S) = Pe2S pe andp(S2) =Pe2S p2e.(LP ) minimize Pv2V wvCv (1)subje
t to: Cv � re + pe; 8v 2 V; e 2 E(v) (2)Cv � p(E(v)); 8v 2 V (3)Cv � Ce; 8v 2 V; e 2 E(v) (4)Xe2S(v) peCe � p(S(v))2 + p(S(v)2)2 ; 8v 2 V; S(v) � E(v) (5)Ce � 0; 8e 2 E (6)Cv � 0; 8v 2 V : (7)The set of 
onstraints represented by (2), (3), and (4) are due to the di�erent lowerbounds on the 
ompletion times of a vertex. The justi�
ation for 
onstraints (5) is as follows.By the problem de�nition, no two edges in
ident on the same vertex 
an be s
heduled atthe same time. Consider any ordering of the edges in S(v) � E(v). If an edge e 2 S(v) is5



the j-th edge to be s
heduled among the edges in S(v) then, setting Cj = Ce and pj = pe,we get jS(v)jXj=1 pjCj � jS(v)jXj=1 pj jXk=1 pk = jS(v)jXj=1 jXk=1 pjpk = p(S(v))2 + p(S(v)2)2 :Although there are exponentially many 
onstraints, the above LP 
an be solved in polyno-mial time via the ellipsoid algorithm [17℄.3.1 A Property of the LPIn this se
tion, we state and prove a property of the LP that plays a 
ru
ial role in theanalysis of our algorithm. Let X(v; t1; t2) � E(v) denote the set of edges that 
ompletein the time interval (t1; t2℄ in the LP solution (namely, their fra
tional value belongs tothis interval). Hall et al. [10℄ showed that p(X(v; 0; t)) � 2t. In Lemma 3.1 we prove astronger property of a solution given by the above LP. Intuitively, our property states thatif too many edges 
omplete early, then the 
ompletion times of other edges must be delayed.For example, as a 
onsequen
e of our property, for any t > 0 if p(X(v; 0; t=2)) = t thenp(X(v; t=2; t)) = 0, whi
h means that no edges in E(v) n X(v; 0; t=2) 
omplete before t inthe LP solution. We now formally state and prove the lemma.Lemma 3.1 Consider a vertex v and times t1 > 0 and t2 � t1. If p(X(v; 0; t1)) = �1 andp(X(v; t1; t2)) = �2, then �1 and �2 are related by�2 � t2 � �1 +qt22 � 2�1(t2 � t1)Proof: Using the 
onstraint (5) of the LP relaxation for vertex v, we getp(X(v; 0; t2))22 � Xe2X(v;0;t1) peCe + Xe2X(v;t1;t2) peCe� p(X(v; 0; t1))t1 + p(X(v; t1; t2))t2) (�1 + �2)2 � 2�1t1 + 2�2t2) (�1 + �2 � t2)2 � t22 � 2�1(t2 � t1)) �2 � t2 � �1 +qt22 � 2�1(t2 � t1)The following result of [10℄ follows from Lemma 3.1 by substituting t1 = 0, �1 = 0, andt2 = t.Corollary 3.2 For any vertex v and time t � 0, p(X(v; 0; t)) � 2t.6



4 AlgorithmNote that if an edge has pro
essing time 0, it 
an be pro
essed as soon as it is released,without 
onsuming any time steps. Hen
e, without loss of generality, we assume that thepro
essing time of ea
h edge is a positive integer.The algorithm is parameterized by a wait fun
tion W : E ! R+. The idea is thatea
h edge e must wait for We (We � re) time steps before it 
an a
tually start pro
essing.The algorithm pro
esses the edges (that have waited enough time) in non-de
reasing orderof their 
ompletion times in the LP solution. When e is being pro
essed, we say that eis a
tive. On
e it be
omes a
tive, it remains a
tive for pe time steps, after whi
h it is�nished. A not-yet-a
tive edge 
an be waiting only if none of its neighboring edges area
tive; otherwise, it is said to be delayed. Thus, at any time, an edge is in one of fourmodes: delayed, waiting, a
tive, or �nished. When adding new a
tive edges, among thosethat have done their waiting duty, the algorithm uses the LP 
ompletion time as priority.The pre
ise rules are given in the pseudo
ode in Fig. 1. Let wait(e; t) denote the numberof time steps that e has waited until the end of time step t. Let A
tive(t) be the set ofa
tive edges during time step t. Let fCe (fCu) be the 
ompletion time of edge e (vertexu) in our algorithm. The algorithm in Fig. 1, implemented as is, would run in pseudo-polynomial time; however, it is easy to implement the algorithm in strongly polynomialtime, by in
reasing t in ea
h iteration by the smallest remaining pro
essing time of ana
tive edge.One property of our pro
essing rules, that distinguishes it from the wait fun
tions usedin [11℄ for the sum of edge 
ompletion times, is that multiple edges tou
hing the same vertex
an wait at the same time.We run the algorithm for two di�erent wait fun
tions W and 
hoose the better ofthe two solutions. For any vertex v (edge e), let C�v (C�e ) be its 
ompletion time in theoptimal LP solution. In the �rst wait fun
tion, for ea
h edge e we 
hoose We = b�1C�e 
,�1 � 1 and in the se
ond one, we 
hoose We = b�2maxfre; p(Se(u)); p(Se(v))g
, whereSe(u) = ff jf 2 E(u); C�f � C�eg and �2 � 1. Note that the 
hoi
e of wait fun
tions ensuresthat the edges be
ome a
tive only after they are released. When all release times are 0, we
an 
hoose �1 and �2 su
h that �1 > 0 and �2 > 0.5 AnalysisConsider a vertex x and an edge e = (x; y), and re
all that C�x and C�e are their 
ompletiontimes in the optimal LP solution. Let Be(x) = ff jf 2 E(x); C�f > C�e ;fCf < fCeg, i.e., edgesin E(x) that �nish after e in the LP solution, but �nish before e in our algorithm. Re
allthat Se(x) = ff jf 2 E(x); C�f � C�eg. Note that e 2 Se(x). Let Se(x) = Se(x) n feg. By
onstraint (3), we have p(Se(x)) + p(Be(x)) � C�x.7



S
hedule(G = (V;E);W )1 Solve the LP relaxation for the given instan
e optimally.2 t 03 Finished A
tive(t) ;4 for ea
h e 2 E do5 wait(e; t) 06 while (Finished 6= E) do7 t t+ 18 A
tive(t) fe j e 2 A
tive(t � 1) and e 62 A
tive(t � pe)g9 for ea
h edge e 2 A
tive(t � 1) n A
tive(t) do10 fCe  t� 111 Finished Finished [ feg // e is �nished12 for ea
h edge e = (u; v) 2 E n (A
tive(t) [ Finished)13 in non-de
reasing order of LP 
ompletion time do14 if (A
tive(t) \ (E(u) [E(v)) = ;) and (wait(e; t � 1) =We) then15 A
tive(t) A
tive(t) [ feg // e is a
tive16 for ea
h edge e = (u; v) 2 E n (A
tive(t) [ Finished) do17 if (A
tive(t) \ (E(u) [E(v)) = ;) then18 wait(e; t) wait(e; t � 1) + 1 // e is waiting19 else wait(e; t) wait(e; t � 1) // e is delayed20 return eC Figure 1: Algorithm for Data MigrationWe analyze our algorithm separately for the two wait fun
tions de�ned in Se
tion 4. Inea
h 
ase, we analyze the 
ompletion time of an arbitrary but �xed vertex u 2 V . Withoutloss of generality, let eu = (u; v) be the edge that �nishes last among the edges in E(u).By 
onstraint (4), we have C�eu � C�u, sin
e the LP solution we are 
onsidering is optimal,we 
an assume that C�eu = C�u. We analyze our algorithm for the 
ase where all edges inSeu(u) [ Seu(v) �nish before eu in our algorithm. If this is not true then our results 
anonly improve. Let p(Seu(v)) = �euC�eu = �euC�u; 0 � �eu � 2 (8)The upper bound on �eu follows from Corollary 3.2.For ease of referen
e, in Table 1 we summarize the key notation used in the rest of thisse
tion. Lemma 5.1 gives an upper bound on the 
ompletion time of any vertex in ouralgorithm for any wait fun
tion. Lemma 5.2 and Lemma 5.3 use Lemma 5.1 to give upperbounds for the two wait fun
tions. 8



Symbol Des
riptionC�e (C�v ) 
ompletion time of edge e (vertex v) in the LP solution.fCe (fCu) 
ompletion time of edge e (vertex v) in our algorithm.p(Z) Pe2Z pe.re release time of edge e.E(u) set of edges in
ident on vertex u.Se(u) ff jf 2 E(u) and C�f � C�egSe(u) Se(u) n feg.Be(u) ff jf 2 E(u) and C�f > C�e and fCf < fCeg, i.e., edges in E(u)that �nish after e in the LP solution, but �nish before e inour algorithm.We waiting time of edge e.eu edge that �nishes last in our algorithm among all edges inE(u). Table 1: Summary of notationLemma 5.1 fCu �Weu + C�u + p(Seu(v)) + p(Beu(v))Proof: Observe that when eu is in delayed mode it must be that some edge in Seu(u) [Beu(u) [ Seu(v) [Beu(v) must be a
tive. Hen
e, we havegCeu � Weu + p(Seu(u)) + p(Beu(u)) + p(Seu(v)) + p(Beu(v))) fCu � Weu + C�u + p(Seu(v)) + p(Beu(v))De�ne f(�1; �) = �1 + 1 + �1+1�1 +r��1+1�1 �2 � 2��1 .Lemma 5.2 If Weu = b�1C�eu
 then fCu � f(�1; �eu)C�uProof: Let eb 2 Beu(v) be the edge with the largest 
ompletion time in the LP solutionamong all the edges in Beu(v). Note that when eb is in waiting mode it must be that eithereu is waiting or an edge in Seu(u)SBeu(u) is a
tive (i.e., eu is delayed). Thus, we getWeb �Weu + p(Seu(u)) + p(Beu(u)):Hen
e, we have thatb�1C�eb
 � b�1C�eu
+ p(Seu(u))� peu + p(Beu(u)):9



Sin
e peu � 1, it follows that �1C�eb � 1 � �1C�u + C�u � 1, and C�eb � �1+1�1 C�u.Note that in the LP solution, ea
h edge in Seu(v) �nishes at or before C�u and ea
h edgein Beu(v) �nishes after C�u and at or before C�eb . Thus, by substituting t1 = C�u; t2 = �1+1�1 C�u,�1 = p(Seu(v)) = �euC�u, and �2 = p(Beu(v)) in Lemma 3.1 we getp(Beu(v)) � 0��1 + 1�1 � �eu +s��1 + 1�1 �2 � 2�eu ��1 + 1�1 � 1�1AC�u= 0��1 + 1�1 � �eu +s��1 + 1�1 �2 � 2�eu�1 1AC�uThen, using (8), we have thatp(Seu(v)) + p(Beu(v)) � 0��1 + 1�1 +s��1 + 1�1 �2 � 2�eu�1 1AC�uThe lemma now follows from Lemma 5.1 and the fa
t that C�eu = C�u.De�ne h(�2; �) = (�2 + 1)maxf1; �g + �2+1�2 :Lemma 5.3 If Weu = b�2maxfreu ; p(Seu(u)); p(Seu(v))g
 then fCu � h(�2; �eu)C�uProof: By 
onstraints (2) and (4) reu � C�eu = C�u, and from 
onstraint (3), p(Seu(u)) � C�u.Also, re
all that p(Seu(v)) = �euC�u; 0 � �eu � 2. Hen
e,Weu � b�2maxfC�u; �euC�ug
: (9)In the following we upper bound p(Seu(v)) + p(Beu(v)). Let z 2 Seu(v) [ Beu(v) bethe edge with the largest waiting time, i.e., Wz = maxf2Seu(v)[Beu(v)fWfg. When z is inwaiting mode it must be that either eu is waiting or an edge in Seu(u)SBeu(u) is a
tive.Thus, using (9), we getWz � Weu + p(Seu(u)) + p(Beu(u))� b�2maxfC�u; �euC�ug
+ p(Seu(u))� peu + p(Beu(u))� �2maxfC�u; �euC�ug+ C�u � 1: (10)Let l be the edge with the largest 
ompletion time in the LP solution among the edges inSeu(v) [Beu(v), i.e., C�l = maxf2Seu(v)[Beu (v)fC�fg. Sin
e Wl �Wz, we haveb�2(p(Seu(v)) + p(Beu(v)))
 = b�2 � p(Sl(v))
 �Wl �Wz: (11)10



Combining (10) and (11) we getb�2(p(Seu(v)) + p(Beu(v)))
 � �2maxfC�u; �euC�ug+C�u � 1:Hen
e, p(Seu(v)) + p(Beu(v)) � �maxf1; �eug+ 1�2�C�u:Now, from Lemma 5.1 we have thatfCu �Weu + C�u + (maxf1; �eug+ 1�2 )C�u;and from (9), fCu � �2C�u �maxf1; �eug+C�u +C�u(maxf1; �eug+ 1�2 ):This gives the statement of the lemma.Combining the two solutions To obtain an improved performan
e ratio, we run ouralgorithm with ea
h of the two wait fun
tions and return the better result. The 
ost of thatsolution is, by Lemmas 5.2 and 5.3, bounded byALG � min Xv2V f(�1; �v)C�v ;Xv2V h(�2; �v)C�v! :This expression is unwieldy for performan
e analysis, but 
an fortunately be simpli�ed.The following lemma allows us to assume without loss of generality that there are only twodi�erent �-values: 0, or a 
onstant �̂ in the range [1; 2℄. To analyze the performan
e ratio,we then numeri
ally optimize a fun
tion over three variables: �1, �2, and �̂.We �rst introdu
e some notation. Let OPT � = Pv C�v be the 
ost of the optimal LPsolution. Partition V into V0 = fv 2 V : �v 2 [0; 1℄g and V1 = fv 2 V : �v 2 (1; 2℄g. Letw = (Pv2V0 C�v )=OPT � be the 
ontribution of V0 to the LP solution. Given an instan
ewith values �v, LP solution ve
tor C�v , and the notation above, we de�ne two fun
tions:Let F (t) = [w � f(�1; 0) + (1� w) � f(�1; t)℄ and H(t) = [w � h(�2; 0) + (1� w) � h(�2; t)℄.Lemma 5.4 There is a �̂ 2 [1; 2℄ su
h that ALG � min(H(�̂); F (�̂))OPT �.Proof: Sin
e h is 
onstant on [0; 1℄ and f is de
reasing, h(�2; �v) = h(�2; 0) and f(�1; �v) �f(�1; 0), for v 2 V0. Let �̂ = �Pv2V1 �vC�v� =jV1j be the average �-value of nodes in V1weighted by their LP value. Sin
e h is linear on [1; 2℄, we have that Pv2V1 h(�2; �v)C�v =11



Pv2V1 h(�2; �̂)C�v , and sin
e f is 
onvex, Pv2V1 f(�1; �v)C�v �Pv2V1 f(�1; �̂)C�v . It followsthat ALG �Xv2V f(�1; �v)C�v �Xv2V0 f(�1; 0)C�v + Xv2V1 f(�1; �̂)C�v = F (�̂)OPT �:The same type of bound holds for H, establishing the lemma.The worst 
ase o

urs when h0(t) = f 0(t); let �̂ denote that value of t. We 
an thendetermine the value of w from the other variables. Namely, de�ning g(x) = g�1;�2(x) =h(�2; x)�f(�1; x), we have w = g(�̂)=(g(�̂)�g(0)). The performan
e ratio of the algorithmis then bounded by � � max�̂2[1;2℄ h(�̂) + g(�̂)h(0) � h(�̂)g(�̂)� g(0)! :We �nd the best 
hoi
e of parameters �1 and �2 numeri
ally. When the release times 
anbe non-zero, we need to ensure that ea
h operation e does not begin exe
uting before itsrelease time. This is satis�ed if the �-values are at least 1, ensuring that We � re. Setting�1 = 1:177 and �2 = 1:0, the worst-
ase is then a
hieved at about �̂ = 1:838, giving a ratioof � � 5:0553.
44.55

5.56
0 0.5 1 1.5 2

h(x)f(x)
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tions h(�), f(�) 44.55
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1 1.2 1.4 1.6 1.8 2

p(x)
(b) The performan
e ratio p(x) = h(x) +g(x)(h(0)�h(x))=(g(x)�g(0)) as a fun
tionof �̂Figure 2: The performan
e fun
tions when �1 = 1:177 and �2 = 1:0Theorem 5.5 There exists a 5:06-approximation algorithm for the data migration problem,as well as for the open shop s
heduling problem.When all release times are zero, we 
an widen the sear
h to all non-zero values. Wethen obtain a slightly improved ratio of 5:03, when 
hoosing �1 = 1:125 and �2 = 0:8.12



6 Unit Pro
essing TimesIt is known that the open shop s
heduling problem is polynomially solvable when all op-erations are of unit length (
.f. [2℄). On the other hand, Kim [14℄ showed that the moregeneral data migration problem is NP-hard already in the 
ase of unit edge lengths. Forsu
h instan
es, where all edges are released at time 0, it is shown in [14℄ that Graham'slist s
heduling algorithm [7℄, guided by an optimal solution to the LP relaxation1 gives a 3-approximate solution; the algorithm is 
alled Ordered List S
heduling (OLS). The problemof obtaining a better than 3-approximate solution remained open. In Se
tion 6.1, we show bygiving a tight example that OLS 
annot a
hieve a ratio better than 3. The tight example alsoillustrates the limitations of the LP solution. For the sake of 
ompleteness, we des
ribe theOLS algorithm and its analysis here. The edges are sorted in non-de
reasing order of their
ompletion times in the LP solution. At any time, an edge e = (u; v) is s
heduled i� no edgein Se(u) [ Se(v) is s
heduled at that time. (Re
all that Se(u) = ff jf 2 E(u); C�f � C�eg.)For any vertex u, if eu is the edge that �nishes last among the edges in E(u), and if fCuis the 
ompletion time of u in OLS, then fCu � p(Seu(u)) + p(Seu(v)). Combining the fa
tthat p(Seu(u)) � C�u along with p(Seu(v)) � 2C�eu = 2C�u (Corollary 3.2), we get fCu � 3C�uand hen
e a 3-approximation ratio.6.1 A tight exampleConsider a tree rooted at vertex r. Let S = fs1; s2; : : : ; skg be the 
hildren of r. For ea
hvertex si, let Li = fli1; li2; : : : ; lihg be the 
hildren of si. Let L = [ki=1Li. Let k = (n+ 1)=2and h = n� 1. For ea
h vertex u 2 S, let wu = � and for ea
h vertex v 2 L, let wv = 0. Letwr =M . For ea
h edge e, let C�e = (n+1)=2 be its 
ompletion time in the LP solution. Forea
h vertex v 2 L[frg, C�v = (n+1)=2 and for ea
h vertex v 2 S, C�v = n. The 
ompletiontimes of verti
es in L do not matter as the weights of all those verti
es are zero. It is easyto verify that this is an optimal LP solution. The 
ost of the LP solution equalswr �n+ 12 �+ kXi=1 wsin = M �n+ 12 �+ k�n =M �n+ 12 �+�n(n+ 1)2 � � :OLS 
ould pro
ess the edges in the following order. At any time t, 1 � t � n� 1, OLSpro
esses all edges in f(s1; l1t ); (s2; l2t ); : : : ; (sk; lkt )g. At time t = n + z, 0 � z < (n + 1)=2,OLS pro
esses edge (r; sz+1). The 
ost of the solution in OLS is at leastwr �n� 1 + n+ 12 �+ kXi=1 wsin =M �3n� 12 �+�n(n+ 1)2 � � :For large n, if M � �, the ratio of the 
ost of the OLS solution to the 
ost of the LPsolution approa
hes 3.1See in Se
tion 3). 13



6.2 Open shop and sum of operation 
ompletion timesConsider now the open shop problem, where ea
h operation has unit pro
essing time and anon-negative weight, and the obje
tive is to minimize the weighted sum of 
ompletion timesof all operations. Even though the problem of minimizing the sum of job 
ompletion times ispolynomially solvable for open shop s
heduling, minimizing the weighted sum of 
ompletiontimes of unit operations is NP-hard. This holds even for uniform weights as re
ently provedin [16℄. We relate this problem to a result of [11℄ for the sum 
oloring problem. The inputto sum 
oloring is a graph G, where ea
h vertex 
orresponds to a unit length job. We needto assign a positive integer (
olor) to ea
h vertex (job) so as to minimize the sum of the
olors over all verti
es. The 
onstraint is that adja
ent verti
es re
eive distin
t 
olors. Inthe weighted 
ase, ea
h vertex (job) is asso
iated with a non-negative weight, and the goalis to minimize the weighted sum of the vertex 
olors.In the maximum k-
olorable subgraph problem, we are given an undire
ted graph G anda positive integer k; we need to �nd a maximum size subset U � V su
h that G[U ℄, thegraph indu
ed by U , is k-
olorable. In the weighted version, ea
h vertex has a non-negativeweight and we seek a maximum weight k-
olorable subgraph. The following theorem isproved in [11℄.Theorem 6.1 The weighted sum 
oloring problem admits a 1:796 ratio approximation algo-rithm on graphs for whi
h the maximum weight k-
olorable subgraph problem is polynomiallysolvable.We 
an relate this theorem to the above variant of the open shop problem, by de�ning thebipartite graph B = (J;M;F ) (see in Se
tion 2) and setting G = L(B), i.e., G is the linegraph of B. Re
all that in L(B) the verti
es are the edges of B; two verti
es are neighborsif the 
orresponding edges in B share a vertex.In order to apply Theorem 6.1, we need to show that the maximum weight k-
olorablesubgraph problem is polynomial on L(B). Note that this is the problem of �nding a max-imum weight 
olle
tion of edges in B that is k-
olorable (i.e., 
an be de
omposed into kdisjoint mat
hings in B). Observe that, on bipartite graphs, this problem is equivalent tothe well-known weighted b-mat
hing problem. In weighted b-mat
hing, we seek a maximumweight set of edges that indu
es a subgraph of maximum degree at most k. Re
all that a bi-partite graph always admits a mat
hing tou
hing every vertex of maximum degree (
.f. [8℄).It follows, that the 
hromati
 index of a bipartite graph is equal to its maximum degree.Sin
e weighted b-mat
hing is solvable in polynomial time (
.f. [4℄), the same holds for theweighted k-
olorable subgraph problem on L(B). Hen
e, we have shownTheorem 6.2 Open shop s
heduling of unit jobs, under weighted sum of operation 
omple-tion time 
riteria, admits a 1:796 ratio approximation.14
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