Noname manuscript No.
(will be inserted by the editor)

On Spectrum Sharing Game$

Magnus M. Halldoérsson - Li(Erran) Li - Joseph Y.
Halpern - Vahab S. Mirrokni

February 19, 2010

Abstract Efficient spectrum-sharing mechanisms are crucial toialtevhe bandwidth lim-
itation in wireless networks. In this paper, we considerftiiewing question: can free spec-
trum be shared efficiently? We study this problem in the card&802.11 or WiFi networks.
Each access point (AP) in a WiFi network must be assignedrnehéor it to service users.
There are only finitely many possible channels that can bgreess. Moreover, neighboring
access points must use different channels so as to avoiteirgiece. Currently these chan-
nels are assigned by administrators who carefully considannel conflicts and network
loads. Channel conflicts among APs operated by differeiitientre currently resolved in
an ad hoc manner (i.e., not in a coordinated way) or not reglody all. We view the chan-
nel assignment problem as a game, where the players arenheesproviders and APs
are acquired sequentially. We consider the price of anao€ltlyis game, which is the ratio
between the total coverage of the APs in the worst Nash équith of the game and what
the total coverage of the APs would be if the channel assighmvere done optimally by
a central authority. We provide bounds on the price of anadgpending on assumptions
on the underlying network and the type of bargaining allowetiveen service providers.
The key tool in the analysis is the identification of the Naghikbria with the solutions
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to a maximal coloring problem in an appropriate graph. Wateethe price of anarchy of
these games to the approximation factor of local optimirasilgorithms for the maximum
k-colorable subgraph problem. We also study the speed ofcgeaxice in these games.

Keywords game theory Nash equilibrium- price of anarchy graph coloring:
approximation algorithm unit disk graph

1 Introduction

The Federal Communications Commission (FCC) currentlycalies two types of spec-
trums: dedicated and free. Dedicated spectrum is allocatetiusively to the spectrum
owner wheas free spectrum can be used by anyone. For deb&gdetrum, recent mea-
surements by Shared Spectrum Company [27] shows that thienaleetal spectrum occu-
pancy in New York City is only 13%. These findings support thgaing effort by FCC and
various interested parties to propose a more efficient gpeeallocation model. For exam-
ple, one model proposes that the spectrum owner should atleev users access as long as
they keep the interference temperature under some thaeshdhis paper, we consider the
efficiency of the other extreme, where the spectrum is gigeratious providers, according
to some policy. For definiteness, we consider the issuesatisa in the context of 802.11
Wireless LANs, commonly known as WiFi.

WiFi provides wireless network access to subscribers. dtheen deployed in public
hotspots, ranging from airports to hotels to coffee shopsldd by the growing usage, ser-
vice providers have been planning to provide wireless nétw&ocess that covers larger ar-
eas. For example, Verizon has deployed WiFi for hundredsisidots in New York City [28]
and MeshNetworks Corporation has been deploying city-Wifilei networks to facilitate
law enforcement and emergency response in cities such afoMe@regon [19].

To understand the issues of interest to us, we need to brafigw some relevant details
of WiFi (see [5] for further details). An 802.11 network csts of a set of access points
(APs). Each AP must be configured with a fixed transmissiongpoWhere is a constant
number of possible transmission powers to choose from.dUsaT then access the Internet
by communicating with their provider's APs using the 802aldinterface. Each AP must
be assigned a channel (i.e., a frequency that it transmjt$oorit to service users. There
are a small number of non-interfering channels; for exam®02.11b and 802.11g each
have three such channels and 802.11a has twelve. A usenwaithAP’s coverage area then
uses this channel to communicate with the AP. Channel ats#sgen users of the same
AP is arbitrated by a media access control protocol (MACY).éxample, in the Distributed
Coordination Function (DCF) model of the 802.11 MAC protipdoa user determines that
the media is free, it sends a request to send (RTS) messagaPtineplies with a clear to
send (CTS) message; users that receive this message willndetlia access on that channel
for long enough to guarantee that there is no interferentie tive user's message. To avoid
interference in the wireless media between nearby APs aidubkers, those nearby APs
must use different channels.

1.1 Network model

We can associate with each ARwo circular regions around it (see Figure 1). The smaller
circle, with radius denoted by; (u), represents’s transmission rangeAll messages sent by
ucan be correctly received by userdfu). The larger circle, with radius denoted By(u),



d12< max{Rs(u), Rs(v)},user 1 and 2 interfere with each other!

Fig. 1 Potential interference between two APs.

represents’'s sensing rangeT he sensing range of a transmitter is the maximum distaince a
which a receiver can sense the transmitter’s signal. Trevecknows if the channel is busy,
but it may or may not be able to decode the signal. In pracRef) is about twiceR; (u).
The APs form communication links with users within theimsanission range. Note that,
each user also has its own transmission range and intecterange. Two links can interfere
if a party to one link (a user, or an AP) is within sensing ranfea party to the other link.
Since users can show up anywhere within an AP’s transmisaitge, to avoid interference
among users of neighboring APs, as shown in [5], the Eudlidbstanced(u,v) between
AP uand APv has to be more thalR (u) + R (v) + max{Rs(u), Rs(v) }. That is, if APsu and
v are more tham; (u) + R (v) + max{Rs(u), Rs(v) } apart, they can transmit using the same
channel, since then no uservis transmission range will be able to sense a message from
u or its users, and vice versa. In effect, each ARas apotential interference range; Ri)
of Ri(u) + Rs(u), and users of other APs that are within that distanaeadn potentially be
affected byu's communication. To be conservative, we therefore regiPeu andv using
the same channel to be separated by a distanBe-efmax(R; (u) + R (v),Ri(V) + R(u)) =
Ri(u) + Re(v) + max{Rs(u), Rs(v) }. In Figure 1, user 1 of AR is within the sensing range
of user 2 of APv. While AP u transmits to user 1, user 2, which is outsideuisfsensing
range, may think the media is free. If user 2 then transmitthersame channel as its
transmission will prevent user 1 from correctly decoding transmission. Thus, if APs
with the same channel are separated by a distance smalleRthéhere is potential for
interference among clients in overlapping regions. Thédigats are subject to starvation
and persistent collisions. The network performance widrdde. Therefore, we only allow
APs to use the same channel if they are separated by mor&than

Currently, APs are statically configured with a channel byndstrators who carefully
consider channel conflicts and network loads. Channel ct&iimong different entities are
resolved in arad hocmanner (i.e., not in a coordinated way) or not resolved atTalls
ad hoc method of channel allocation can be quite ineffici2ht$olutions assuming that
all APs use the same software have been proposed [2,21]héytdo not consider the
possibly selfish behavior of different entities operating APs, and work therefore only in
a cooperative environment.

2 Modeling the game

We model the channel assignment problem as a game, wherdaferpare the service
providers. APs are set up or acquired by service providemgesdially. When an AP is set
up or acquired, a channel must be chosen so as not to interiiérehannels chosen earlier
by other APs; if there is no such channel, the AP cannot be.used



We are implicitly assuming here that providers follow thec®l rule” of not assigning
a channel to an AP if it interferes with the channel alreadyged to another AP. Without
rules about interference in place, there will be continoegdriference between users of nearby
APs, leading to serious complaints about service. Althdhgte is currently no such rule for
the unlicensed band of 802.11 networks, this social ruleeeaily be imposed and enforced
by a government agency such as the FCC. Such rule enforcésnéwatvever, outside the
scope of the game that we consider.

The order in which APs are set up is determined exogenously i, by some process
outside the scope of the game) and is arbitrary. For exarsgteice provider 1 might set up
5 APs before service provider 2 sets up any. We assume that avBervice provider sets
up an AP, it knows about the APs that have already been setdimagit interfere with it,
but we assume that service providers do not know anythingtatloat APs will be set up in
the future. For example, suppose that there is only onecgepvovider and there are 3 APs,
V1, V2, andvg, which are placed so thas interferes with each of; andvs, butv; andvs do
not interfere with each other. If there is only one channelaris acquired first, then, if the
provider knew that it would acquing andvsz (and channel assignments cannot be changed),
it would not assign a channel 1@, since it would be better off assigning a channeVio
andvs instead. However, since we assume that channel providerstdmow the future, we
assume that they assign channels to APs as they acquire(ivertater also allow providers
to reassign channels, so thatjfandvs are acquired, then the channel assigned twan be
reassigned tw; andvs.)

The utilities of the service providers depend on how manyat®y can serve. We as-
sume that there is a fixed and known distribution of users.ufiigy to a service provider of
setting up an ARithat is assigned a channel is the expected number of usir&un if AP
uis not assigned a channel, then its utility to the serviceiges is 0. This is a simplification
of the true utility, which is difficult to model precisely atol reason about; our definition of
utility captures, for example, the peak utilization chaggistics of the operation.

A socially-optimalassignment is one where the maximum number of users can be
served. We would expect that a central authority would assliginnels in a way that leads
to a socially-optimal assignment. Of course, there is neardo believe that the socially-
optimal assignment is the one that arises in this game. @eneist is in seeing how far away
we are from this assignment when the players do the assigronaheir own. In the lan-
guage of Koutsoupias and Papadimitriou [16], we are intedgis investigating therice of
anarchy

We can represent the game using a labeled g&ph(V, E), where the APs are vertices
inV, and two vertices andv are joined by an edge if the APs potentially interfere, ife.,
d(u,v) <R(u)+Ri(v) + max{Rs(u),Rs(Vv) }. Each vertex also has a label, which represents
the utility of the AP associated with that vertex being ass@ja channelG is called the
interference graphnduced by the game. A move of a player in this game corresptmd
(re)assigning channels to some or all of the APs it controls.

3 Our results

It is not hard to show by example that, in the general casecdlierage of the APs in the
network that results after channels are chosen can beailyitfar from socially optimal;
that is, the price of anarchy is unbounded (see Proposijioddwever, we can do better if
we assume that users are uniformly distributed and all APst oge the same transmission
power. The interference graghis then aunit diskgraph: two vertices andv are joined by



an edge iffd(u,v) < 2R + R, whereR; andRs are the common transmission and sensing
ranges, respectively, of all APs. (We remark that the ieterice graph for 802.11 wireless
networks is often modeled as a unit disk graph [5], by tak®g Rs/2 to be the “unit”.)
Moreover, the utility of a provider is proportional to thember of APs it sets up that are
assigned a channel. In this case, we can show that the premeaothy is at least 5 and at
most 5+ max(0, (k—5) /k), wherek is the number of channels (Theorem 2). In particular, it
follows that if there are at most 5 channels, then the prianafchy is 5.

Because providers are forced to assign a channel to an APoasasoit is set up, a
provider may be able to do better just by changing the assghto APs it controls. (This
is already clear from the example given above where one geowdontrolsvy, vo, andvs.)

It certainly seems reasonable to allow providers to chahgehannel assignments of APs
that it controls. We assume that this is always possibled@ndimainder of the paper. Service
providers may also be able to negotiate changes to assigeraenertices they control
that are mutually advantageous. We are particularly istetein what we calh-buyer—m-
seller bargains where them sellers unassign channels from certain APs in exchange for
payment fromn buyers. (Note that some of the buyers may also be sellercp@te, we
are interested in bargains that benefit both buyers andsefis long as both buyers and
sellers place the same monetary value on access to userh(whiassume), then these
will be bargains that result in more users having accesstoditwork. For if unassigning a
channel so that others can be assigned results in more wséng laccess, then there will
be a price that one provider can pay another in order to uyradisé channel that will make
both providers better off.

We are interested in the question of how close bargainingbcing us to a socially-
optimal assignment. In general, we expect it to be hard totieg arrangements involving
many buyers and sellers. (By way of analogy, in sports, plageles typically involve two
teams; trades involving more than two teams are quite réYe.ptart an investigation of
this issue by examining two limited types of bargaining &itons that we expect can be
implemented relatively easily in practice.

— We call the first type of bargain @ocal) 2-buyer—1-sellebargain. By local, we mean
buyers and sellers form a star topology in our labeled g@phhis occurs when there
are three APw1, Vo, andvs as in our earlier example, whew is currently assigned
a channel which interferes withy andvs and, by assigning the channel\p andvs;
instead, more users would have access to the system. Tleuswtiers of APw; and
v3 can always offer the owner aof sufficient money to unassign the channel, while
still coming out ahead themselves. (The ownersi0fv,, andvs do not all have to be
different for such a bargain to be struck.) We do not go intodbtails of exactly what
the offers are. All that matters is that, in equilibrium, ttleannel assignments will be
changed appropriately.

— We call the second type of bargaiflacal) 1-buyer—multiple-selleibargain. This occurs
when an APv cannot be assigned a channel because all the channels teagyadbeen
assigned to its neighborsy,...,vm, while the expected number of users of ARs
higher than the total expected number of userg, of. ., vi,. Here again, the owner of
should be able to offer the owners\f,.. ., vy, enough money for them to unassign the
channels ton, ..., vm, although we do not go into the details of the actual bargaini
Note that although many sellers may be involved, this reallg collection of 2-way
arrangements, since the buyer can negotiate separatélgach of the sellers.

By allowing such bargains, we are effectively changing tamg in a way that may reduce
the set of Nash equilibria; thus, the price of anarchy mayayard We show that if 2-buyer—



1-seller bargains are allowed, then in the case that usersrdaformly distributed and the
power of all APs is the same, the price of anarchy is at mesn®x0,1— 3/k) and at
least 3 (Theorem 3), whekeis the number of channels available. Moreover, if users are n
uniformly distributed and the transmission power of the A$the same, then if 1-buyer—
multiple-seller bargains are allowed, the price of anarnshgt most 5+ max(0, (k— 5) /k)
and at least 5 (Theorem 4).

In all these results, we have assumed that the power withhadaicAP transmits is
fixed, and not under the control of the service provider. ¢ service provider can choose
the transmission power from among a finite set of possiblestrassion powers, we know
that the price of anarchy is still unbounded, but if we allawdl 1-buyer—-m-seller bar-
gains, the price of anarchy is at most 7.441 and at leqst¥ €), for any e > 0, if users
are distributed uniformly (Theorem 6). However, the pri€amarchy is still unbounded for
local 1-buyersseller bargains if users are not distributed uniformlyofsition 1). Inter-
estingly, bargains covering constant-sized geometrimnsg(of diameter/2d, for a given
parameted) do give us a bounded price of anarchy.

The results on the price of anarchy are summarized in TabietBe table, we use* to
denote a lower bound efand an upper bound oft max(0,1—r /k), wherek is the number
of channels available.

Scenario— Uniform user distribution Arbitrary user distribution
Game| Unit power Different power Unit power Different power
No-bargaining game 5* 0 0 )
2-buyer—1-seller 3 00 00 00
1-buyer—multiple-sellers| 5 7<r<7441 5* 00

Dist-v/2d bargains 1<r<d?/d-12 [ 1<r<d?/(d-1)? | 1<r<d?/(d-1)? | 1<r<d?/(d-1)?

Table 1 Summary of results on the price of anarahy

We also consider the speed of convergence to a Nash equifibn several variants of
spectrum-sharing games. We prove that in some special pesggs converge to a Nash
equilibrium after polynomially-many steps. But in the galease, we show that there exists
an exponentially long path of improvements to a Nash equuilib.

The rest of the paper is organized as follows: In Section 4jefme the games formally
as graph problems. In Section 5, we prove our main resulte@price of anarchy. In Sec-
tion 6, we examine how long it can take to converge to a NasliledGum. In Section 7, we
present approximation algorithms for the optimal chanfiecation problem. Each player
needs to solve this problem to compute its best responsédangVe discuss related work
in Section 8, and conclude in Section 9.

4 Game Formulations

Representation. We represent APs as points in the Euclidean plane. Each pbiss two
associated concentric circles: a transmission regionddfis&; (v), and a sensing region of
radiusRs(v). These radii are determined by the transmission power oAthaNe assume
that there is a fixed ratio between the transmission andregnange. There is also a non-
negative weightv(v) attached to each vertexrepresenting the utility of assigning that AP
a channel. Given a s& let w(S) = ¥,sw(v) be the total weight of the set. We assume
the utility to be linear in the number of users that can beisedy and the same for all
providers. Our results can be extrapolated to more genestias, to allow for imperfect



signal propagation, antennas, or other environmentaurfest For this purpose, we state
results in terms of the independence property of the metriche claw-freeness of the
intersection graph.

Given power settings, we have a graphx- (V, E), where the vertice¥ are the APs and
verticesu andv are adjacent ifl(u,v) < Ri(u) + R (v) + max{Rs(u),Rs(v)}, i.e. if transmis-
sions involving the corresponding APs could potentialtgifere. The graph will blabeled
or colored with a subset of the vertices receiving onekafolors. We view this partial col-
oring as a function mapping to the set{1,2,... .k} U{L}, with L representing an empty
label. The coloring represents the assignment of chanmetsnte of the APs, with the social
rule guaranteeing that adjacent vertices receive differelors.

Spectrum sharing games.A spectrum-sharing gamie characterized by a graph and
a set of legal moves. We can think of the nodes of the grapheasdéhof APs that will
ultimately be set up. The vertices of the graph are pargtibbetween thelayersof the
game. Intuitively, player’s vertices are the APs thawill ultimately set up. At any point,
playeri can color (or recolor) a subset of the vertices that he hasgpséntuitively, these
are the APs thathas currently set up. Thus, a move at timén the game consists of the
players assigning colors to or changing the colors of the tABg have currently set up and
possibly transferring money. We consider different gamegsedding on the constraints on
money transfer. For example, if there is no money trandien tve are modeling the game
without bargaining. To modei-buyer-n-seller bargains, we allow money transfer between
groups of up tov+ m player, where up ta players can decrease their money total and up to
m can increase their money total. The utility to a player atehe of the game is the sum of
the weights of the nodes he has colored (i.e., the sum of tliteestof the AP that it sets up)
together with the utility of its money it has. For simplicitye assume that utility is linear in
money, and that all the players value money the same way,, Teisotal utility of a game
position can be identified with the sum of the weights of thewaa vertices. Clearly, a Nash
equilibrium of a spectrum-sharing game must Hecally-optimal coloring—no additional
vertices can be colored.

A game position corresponds tokecolored subgraphA socially-optimal assignment
of channels corresponds to a maximum weighted (induked)orable subgraph. Thaice
of anarchyis the maximum ratio between the utilities of a socially+opatl solution and of
a locally-optimal solution, i.e., the ratio between thettssd the worst Nash equilibrium.
This is identical to th@erformance ratiof local search algorithms that find the local optima
with respect to the given game operations. We consider tfeiog games.

Basic game. The basic spectrum-sharing ganieeone with no cooperation or bargain-
ing between players. A player’'s move in this game is to cabone of its nodes, in a manner
consistent with the social rules. A player may change thercd of APs it owns (or un-
color them) if that results in better utility. This in turnrcaause other players to change. It
is easy to see that a Nash equilibrim of this game must bmaxdmal k-colored subgraph
i.e. one where no further vertices can be colored, given tieent coloring. Indeed, there
is clearly a one-to-one correspondence between maxircalored subgraphs and Nash
equilibria in a game without bargaining. (Observe the subifference betweenmaximal
k-colorable subgraptand a maximak-colored graph. The latter is one that admits no lo-
cal improvements—that is, no additional vertices can biayased a color; the former is one
where any additional vertex would make the subgraphlkioolorable. Consider a path with
four vertices, where the first and third vertices have bedored by colors 1 and 2, respec-
tively. If there are onlyk = 2 colors, then this coloring gives a maxinkatolored subgraph.
But the only maximak-colorable subgraph is the whole graph.) Given the cormedpace
between maximak-colored subgraphs and Nash equilibria, in the rest of tipepave use



the following terminology interchangeably: vertices aréisicolors and channelscolored
subgraphs and solutions, and locally optimal solutionshash equilibria.

Games with bargaining. As we said earlier, we also considgyectrum-sharing games
with bargaining where players can bargain with other players, and pay tiermfcoloring
their vertices. In a-buyer m-seller bargaining gameach local improvement can involve
up to n buyers seeking to add vertices to their colored set, rarsgllers that are willing
to uncolor their vertices in exchange for a payment. A movthis game takes a colored
graphS, uncolors up tan vertices and colors up tiovertices in such a way that 8 is the
resulting colored graph, them(S) > w(S). As we said earlier, we are implicitly assuming
that all players have the same utility for money as well asifars, so that such a trade will
be rational.

Games with power control. We consider both the situation when all APs transmit with
the same power, and when the power can be variable. In theefarase, the interference
graph is, without loss of generality,uait disk graph since after scaling distances big 2-
Rs, two vertices are adjacent iff their distance is at most 1thim latter case, the games
involve power controloperations, where users increase or decrease the utiliheofAPs
by adjusting their transmission power and thus transmisai@ sensing radii. This can also
involve a number of buyers and/or sellers. As before, theedese in the utility of APs that
decrement their power must be more than offset by the ineceaslity of APs that can
increment their transmission radii.

A power-control game can also be (implicitly) representechaoloring game on the
graph with vertices for all possible power settings of ea&h I practice, there are only a
fixed number of power settings for each AP. Our upper bounglindependent of available
settings, while the lower bounds focus on the asymptotie.cas

User distribution. We also consider two extreme cases for the distributionetiders.
In the uniform case, the users are distributed uniformly komiogeneously over the plane.
Then the utility of an AP is proportional to the area of itswsmission region, which again
is proportional to the square of the transmission radiygnladdition, power is uniform,
this amounts to counting the number of nodes colored. Ingbersd scenarios, we assume
an arbitrary, possibly worst-case, distribution of therasise

Computing an optimal solution is in general a hard problemdeed, even finding an
approximately optimal solution may be hard. However, as iseuss in Section 7, there are
effective approximations possible in the planar settirg (ivhenG is a unit disk graph).

5 The Price of Anarchy

In this section, we prove that the price of anarchy for aaloytigraphs in the basic spectrum-
sharing game (without bargaining) is unbounded, even ek are computationally un-
bounded. We then show that the price of anarchy is boundexitlisk graphs. Finally, we
consider the extent to which allowing bargaining helps ionprthe price of anarchy.

We first prove a general result that allows us to reduce to gamiere there is only a
single color/channel available. This allows us to simpdifyumber of arguments. Moreover,
since a 1-coloring is just an independent set, this allow® @pply results about thmaxi-
mum independent s@¥lax-IS) problem. This result applies to all the types of bargainirg
consider. The key observation here is that the various tgpleargains allowed impose con-
straints on the structure of an optimal coloring. For examflwe consider the weighted
case and allow 1-buyer—multiple-seller bargains, then waat allow solutions where a
vertex is uncolored but has greater weight than all of itgimledrs of a given color.



Theorem 1 Consider a spectrum-sharing game with a given local-oplitpnariterion.
Suppose that the price of anarchy in the case of a single @&aap and, more specifi-
cally, that for any locally-optimal independent set X ang amdependent set Y we have
that

WY\ X) <p-w(X\Y).

Then, for any Kk, the price of anarchy for the same game withakméls is at mosp +
max(0,1— p/k) and at leasp.

Proof For the upper bound, given a spectrum-sharing game on a @apliV,E), let X
consist of the colored vertices in a Nash equilibrium to themgy spectrum-sharing game,
with color classeX;, ..., X. LetY be the vertices in a socially-optimal solution, with color
classe¥i,....Yk. LetC=XnNY,letY =Y\C,and letly =Y'nY,=Y;\C, fori=1,....k

Let H; be the graph induced b/ —X) UXj =V —Uj4;Xj. X; is locally optimal in
Hj, since otherwise we could have extendgdvithout affecting the rest of our solution. In
particular,Y/ U (Y; N X;) is contained irH;, so we have, by assumption, that

W(Y) < p-w(Xj\Y)).
Summing up ovel, it follows thatk-w(Y/) < p-w(X\Y;), and summing oveir

kw(Y)= S kw(Y) < 3 p-wX\¥)

= p(k-w(X) —w(C)).
Hence,
w(Y) = w(Y)+w(C) < pw(X)+ (1—p/k)w(C)

< (p+max0,1-p/k))w(X),

as desired.

For the lower bound, suppose tltais an interference graph where the price of anarchy
is p’. Thus, there are maximal independent subXeasdY of G such thatv(X) = p'w(Y).
We construct a graph where, even witltolors, the price of anarchy ig'. The idea is to
replace each vertex i@ with k copies of that vertex at the same location. Then there is
a Nash equilibrium that involves assigning a different catoeach of thek vertices that
correspond to a vertex M, and similarly forY. Thus, the price of anarchy in the game with
k colors is stillp’. Even if we cannot set up APs on top of each other, we can achieve the
same effect as follows. Suppose that we have a setting of iR sdsults in the interference
graphG. Note that there must be &> 0 such that if all distances are contracted by a factor
of (1— ¢€), G would still be the graph corresponding to the resulting @haent of APs. Now
replace each AP by a clusterloAAPs on the circumference of a circle of rad&y& around
the original AP, and we get the required graph.

We start by considering the spectrum-sharing game withargaining. Our first result
shows that, in general, the price of anarchy in this game limunded, even if all vertices
have equal weight.

Proposition 1 The price of anarchy is unbounded in the spectrum-sharingegavithout
bargaining, no matter how many channels or players there aven if all vertices have
equal weight.
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Proof First suppose thdt= 1. Consider a star graph, where the center vertex is corthecte
to n other vertices. If the center vertex has been selected,ibea of the other vertices
can be colored. In the optimal assignment, all the verticeerahan the center vertex are
colored. Thus, the price of anarchynisThe fact that the price of anarchy is unbounded with
k colors follows immediately from Theorem 1.

Note that the star graph in Proposition 1 can be realized byramg that the center
vertexv transmits with high power, while the remaining verticesxgmit with low power.
We can think of the remaining APs as being placed on the cifexence of a circle with
centerv. It is then easy to distribute the users so that all vertiea® fan equal number of
users, and hence equal weight.

We can construct similar examples even if APs transmit viihdame power (although
in that case we must look at the weighted coloring problencesiAPs have different util-
ities). However, we cannot construct such an example if APsansmit with the same
power and users are uniformly distributed.

Recall that a graph i + 1)-claw freeif each vertex has at mostmutually non-adjacent
vertices. Unit disk graphs are known to be 6-claw free (sgg[#8]). This follows from the
observation that if two non-overlapping unit circles ceatkaty; andy» overlap a unit circle
centered ax, then the angl€y;xy. must be greater than 60

Observation 1 A unit disk graph is 6-claw free.

Theorem 2 If all APs transmit with the same power and users are unifgrdistributed,
then the price of anarchy of the basic spectrum-sharing garaemost+ max(0,1—5/k)
and at least 5.

Proof Consider a maximal independent ¥e&nd an optimal independent &&tEach node
in Y\ X can dominate at most 5 verticesXn\ Y, sinceG is 6-claw free. Thus, the size of
Y\ X is at most 5 times that of \ Y, and the upper bound follows by Theorem 1.

A simple example shows that the price of anarchy can be 5, lyamé-claw free graph
consisting of 6 vertices: a central vertex connected to Brotartices. The central vertex by
itself is a maximal independent set, as are the other 5 esttic

It follows from Theorem 2 that fok < 5, we have a tight bound of 5 on the price of
anarchy in unit disk graphs.

5.1 Spectrum sharing games with bargaining

We now consider what happens if we allow bargaining.

5.1.1 2-buyer—1-seller bargaining

Ouir first result shows that if all APs transmit with uniformvger, users are uniformly dis-
tributed, and we allow 2-buyer—1-seller bargaining, them price of anarchy drops to at
most 4.

Theorem 3 If all APs transmit with the same power, users are unifornigtributed, and
2-buyer—1-seller bargains are allowed, then the price ddrahy of the spectrum-sharing
game is at mos3+ max(0,1— 3/k) and at leasB.
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Fig. 2 An interference graph for which the price of anarchy is 3 v#ithuyer—1-seller bargaining.

Proof For the upper bound, it suffices by Theorem 1 to show that tlee mf anarchy is
3 if there is one channel. This follows from the analysis aif-local optimization for
unweighted independent sets in 6-claw free graphs of [Eg éso [13]). We repeat it here
for completeness.

LetX be a solution locally optimal under 2-opt, i.e. local impgavents involving adding
up to two vertices and removing up to one. Yeie any other independent set. Cet XNY,

X" = X\C, Y1 be the set of vertices i¥ \ C with one neighbor irX andY; those inY \ C
with two or more neighbors iX. Observe that, Y; andY, partitionY. Then, no two nodes
in X are neighbors of the same nodeYin due to local optimality. HenceY: | < |X’|. Also,
each node X’ has at most 5 neighbors ¥ Hence, counting edges between nodeX’in
andY, we have 2| +|Y1| < 5|X’|. Adding the two inequalities giveg¥2\ C| < 6/X \ C|.
Hence,|Y| = |Y\C|+|C| < 3]X\C|+|C| < 3|X].

The lower bound is attained by the construction of Fig. 2. Jlgark circles correspond
to vertices in a maximal independent 3&twhile the 27 light circles correspond to the
optimal solutionY. Each node iX is adjacent to four nodes ¥ and one iny;. With only
one seller, there can be only one node that can be added (ndheetole adjacent node in
Y1), which gives no benefit. Henc, is locally optimal under any multiple-buyer—1-seller
bargains.

When users are not uniformly distributed, then the price ridrehy for the simple
spectrum-sharing game is not bounded, even if all APs tréangithh the same power and
we allow 2-buyer—1-seller bargaining. Indeed, we can shawthe price of anarchy is un-
bounded unless bargains involve at least(pjm) sellers, where is the number of players
and the interference graph(s+ 1)-claw free.

Proposition 2 Suppose APs transmit with the same power but users may naiifoenoly
distributed. Then, the price of anarchy is unbounded uril@sgains involve at leashin(p, 1)
sellers, where p is the number of players and the interfexrgmaph is(t + 1)-claw free.

Proof By Theorem 1, we can assume without loss of generality tkeaetts only one chan-
nel. Consider a star with a center vertex of large weight mlehves of small weight. Sup-
pose the channel is currently occupied by tHeaves. Then, the large-weight vertex cannot
be bought unless all its non-adjacent neighbors are sold. The bound now follows if we
assume that each of the vertices is controlled by a diffeykayer.
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5.1.2 1-buyer—multiple-seller bargaining

As we now show, if we allow 1-buyer—-multiple-seller bargaithen the price of anarchy is
bounded, even in the weighted case, provided that APs tiamstin the same power.

Theorem 4 If APs transmit with the same power and 1-buyer—multipleesbargains are
allowed, then the price of anarchy of the spectrum-shariagng is at mosbs+ max(0,1 —
5/k) and at leasb.

Proof By Theorem 1, it suffices as before to consider only the case gihgle channel.
Arkin and Hassin [3] and Bafna, Narayan and Ravi [4] showed ttie performance ratio of
a simple local improvement heuristic for the maximum weiglkiependent set problem in
T+ 1-claw free graphs equats Their heuristic corresponds to the addition of a singleever
with the removal of as many as needed (but at mpsthis corresponds to bargains involv-
ing one buyer and multiple sellers. In general, the resul8p$hows that the performance
ratio involving n buyers is 4+ 1/n.

The requirement that APs transmit with the same power igatiin Theorem 4.

Proposition 3 In the general case (where APs transmit with different peward users
are not uniformly distributed), then the price of anarchytloé spectrum-sharing game is
unbounded, even if multiple-buyer—multiple-seller bamgaare allowed.

Proof Consider a spectrum-sharing game with bargains involvimgpt buyers and sell-
ers. Letz be a value larger than Let 3 denote the ratio between the sensing and trans-
mission range. Let| = 5z/3. Consider a graph consisting of vertexof weightz-t and
transmission power corresponding to an interference saofig, verticesvy, . . ., vy each of
weightz and transmission power corresponding to a transmissidogad 1; and vertices
V..., Vg, each of weight 1 with power corresponding to a transmissaiius of 1. The
situation is illustrated in Figure 3. Observe that theirclesvy,...,vq can be distributed
so that they stay mutually non-overlapping while their sramssion ranges overlap with the
interference range of. Note that the set LOPE {v,V},...,v;} is @ maximal independent
set of weighizt+ g. On the other hand, the set OPT{vy,...,vq} is an independent set of
weightqz=5z?/B3. Any exchange involving onlybuyers offers a gain of onizt at the cost

of giving up the heavy node, for a total costaif-t, resulting in a negative improvement.
The same holds for bargains involvihg- 1 sellers or fewer. Hence, the price of anarchy for

this instance is
qz z z

qt+zt 1+zt/q 1+5/8°

This grows linearly wittg, resulting in an unbounded ratio. Note that this exampleliras
only two different weights and two different transmissiawgrs.

5.1.3 Dist+/2d bargaining

What happens if we allow more general bargains? As we now ,shittv sufficiently gen-
eral bargains, we can drive the price of anarchy arbitrafige to 1. However, the bargains
may involve arbitrarily many players, which would make tlwoination complexity un-
reasonable.
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Fig. 3 A family of interference graphs with unbounded price of ahgr

Theorem 5 Suppose that distances have been normalized so that, fopainyf nodes
u, v, we have Ru) + Ri(v) + max{Rs(u), Rs(v) } < 1. Thus, any pair of vertices,u with
d(u,v) > 1 are not adjcent in the interference graph. Further suppdee bargains involv-
ing arbitrary sets of vertices within distangé2d are allowed. Then, the price of anarchy in
the spectrum-sharing game is at mo3f (i — 1)2.

Proof Consider a network with induced interference gr&ltSuppose without loss of gen-
erality that there is one channel. Let LOPT be a maximal iedepnt set after generalized
bargaining, and let OPT be the vertices in a socially-optim#ependent set.

Consider a x d rectangleR with integer coordinates that is half-closed from the top-
left, i.e., containing all vertices in its interior and os fight or top boundaries, but not the
vertices on its bottom and left boundaries. All verticeshivitR are of mutual distance at
mosty/2d. LetR be the innefd — 1) x (d — 1) rectangle obtained by removing unit-length
strips from the bottom and the right edge0fThis separation ensures that no node within
R interferes with nodes outsid® Since no generalized bargains are possible,

W(OPTNR) < W(LOPTNR);

otherwise, it would be profitable to buWDPTNR) \ (LOPTNR) and sell(LOPTNR) \
(OPTNR). If we sum over all possiblg-by-d rectangles with integer coordinates, we count
each node in OPT exactlyl — 1)? times but each node in LOPT exactly times. Thus,

(d—1)2w(OPT) < d®w(LOPT),
as desired.

If we assume that ownership is relatively local, so that fadl APs within a distance
d of each other are owned by a relatively small set of APs, tais ghat we can get a
relatively small price of anarchy. Obviously, dgets larger, the number of players likely to
be involved will increase.

5.2 Power control games

We next consider what happens if users are allowed to chdesgansmission power of
APs. That is, when an AP becomes available, a user choosesaeaifor it (if one is avail-

able) and a transmission power, subject to not interferiitg wther channels. We then al-
low the same bargaining procedures (and, as usual, alloyerddao make arbitrary changes
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among the APs that they control). Essentially the same ebeaagpin the proof of Proposi-
tion 2 shows that we need to allow multiple sellers in ordegetba bounded price of anarchy
in this case.

Proposition 4 Even if users are distributed uniformly, in the spectrurarsig game with
power control, the price of anarchy is unbounded unless &iagyinvolve at leastin(p, 7)
sellers, where p is the number of players and the interfergmaph is(t + 1)-claw free.

Our next result shows that if we allow multiple sellers, thendo in fact get a bounded
price of anarchy. We prove this theorem using two geomegrimhas.

Lemma 1 Let x be a point in the plane and let S be a set of disks of radiosoat 1 whose
centers are located within distance at m@drom x. Then, the total area of the disks in S
is at most7.441m. If, additionally, the circles in S differ in diameter by actar of at most
1.10157 then the area of the circles is at mast.

Proof LetC,, C3 be the circles centered abf radius 2 and 3, respectively. All circles $
are contained insid€s. This gives a quick upper bound oft®n the area o§.

Consider the annulu&, formed by the region betwedly andCs, and letX be any disc
in Sthat overlap#\;. Let 8 = /pxgd, wherep andp’ are the points of intersection ¥f with
Cy, i.e.,0 is the angle of the sector induced by the overlaj @fith A,. We examine the area
A(X,Az) of overlap ofX andA; relative to the anglé. It is easily observed tha#(X,Az)/0
is maximized wherX is largest possible and centered as far froas possible. In our case,
it is maximized wherX is a unit circle with a center o@;. In this case, the sector of overlap
betweenX andA; spansd = 4-arcsin(0.25) = 57.91°. The amoun®A(X,A) of overlap of
such a circle withA, can be computed to be— 1.40307~ 1.73852. The maximum amount
of coverage ofA; by circles inSis therefore at most 3667.91-1.73852~ 10.8076 <
3.441m. Adding the area insid€;, we obtain a maximum total area of overlap of circles in
Swith C3 to be 7441

When the circles irs are of similar diameter, we can apply known results about the
packing of circles inside circles. The smallest radius oféethat can contain 8 circles of
radiusr is 3.30476 (see [11]). Observe that®476/1.10157> 3. Thus, if the difference in
the radius is at most a factor of 1.10, we can shrink the dicl&to the size of the smallest
one and still at most 7 of them can fit insi@g. The desired result follows.

Lemma2 Let u be an AP and let () be a set of neighbors of u that are themselves
mutually non-interfering. Assume the weight of an AP is prtpnal to the area of its
transmission region. Letdu) (Ns(u)) be the APs in Nu) that are smaller or equal (bigger)
than u, respectively. Then,

W(Ns(u)) < (7.441— |Ng(u)|)w(u).

If the transmission radii of APs ind\differ from that of u by a factor of at most 1.10, then
7.441can be replaced by 7.

Proof Let 3 be the ratio between the sensing and transmission range aadilet ¢ =

1+ /2. We construct a s&of disks. Around each small noden Ns, form a disk inS of

radiusR; (v) + Rs(v) /2 = @R (v). For each big nodes in Ng, form a disk of radiuspR; (u)

with center at distanceRR(u) + Rs(u) = 2¢R;(u) from u along the line fromw to u. Let
w denote the new position of big node Let R, denotegR;(x), for a nodex. Note that
Ry = Ry andd(wW,w) = d(u,w) — 2R,.
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We claim that none of the disks i@ intersect. Suppose the disks of nodeand w
intersect. That is,
d(V»V\/) < Rv+Rm/ =R/ +Ru.

We consider here the case wheis small andw is big; the other cases are similar. Since
interferes withw andu is smaller tharw, we have by definition that

d(w,u) < Ri(w) +Rs(w) +R(u) = Ry +Ru/@.
Then, using the triangular inequality, we have that

d(v,w) <d(v,w) +d(w,w)
< (Ry+Ry) + (d(w,u) — 2R,)
< (Rw+Ry/9)+ (R, —Ry)
(Rv+R/9)+(1-1/9)(R, —Ru).

Sincev is smaller thary, this is less thafRy +Ry/@ = R (w) + Rs(w) + R (v), and thusv
andw interfere, which is a contradiction. Hence, the diskS are non-intersecting. Observe
also that the centers of all disks $are of distance at mosig from u.

We now apply Lemma 1, scaling the radii By. By our assumption, the area covered
corresponds to the weights of the node. Hemg&) < 7.441- w(u). Of that, the circles irs
that come from nodes iNg contribute gNg| term. The circles irsthat come from nodes in
Ns are unchanged in size. Hen@gNs(u)) < (7.441— |[Ng(u)|)w(u).

Theorem 6 If users are distributed uniformly and 1-buyer—-multipkdler bargains are al-
lowed, then the price of anarchy of the spectrum-sharingegatith power control is at most
7.441 and at least 7. If power assignments differ by at mastt@f of 7, the price of anarchy
is exactly 7.

Proof As before, we can assume without loss of generality thaettseone channel. Given
a network with induced interference gra@hlet LOPT consist of the vertices in a maximal
independent subset @& after 1-buyer—multiple-seller bargaining, and let OPT the ver-
tices in a socially-optimal independent set. We divide tegiges in OPT into two groups.
A vertex in OPT issmallif it interferes with at least one vertex of greater weight @PT,;
otherwise it ishig. These two groups are denoted@BTs and OPTg respectively. A big
nodeu in OPT is larger than all those it intersects in LOPT. From |twal optimality of
LOPT, it holds for anyu in OPT thatw(u) <w(N(u)). Thus,

WOPT)< T T wv< T INs(V)[w(v).
ueL(opT) veN(u) VELOPT
Let f : OPTs — LOPT be a mapping of each small nodén OPT to some larger node
in LOPT that interferes withu. Define the inverse mapping,: LOPT — 20PTs suych that
g(v) = f~1(v) contains the nodes in ORThat map to node € LOPT. Note thag forms a
partition of OPT. From Lemma 2, for eachin LOPT we have that

> w(u) < (7.441—Ng(v) )w(v).
ueg(v)

Summing over nodes in LOPT, we get that

W(OPTs) < 5 (7.441— |Ng(V)[)w(v).

VELOPT
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Adding together the two inequalities givegOPT) < 7.441w(LOPT).

When power assignments are nearly identical, Lemma 2 ya&idsproved bound of 7,
resulting in the same upper bound for the price of anarchy.

For the lower bound, we sketch an example where the ratiobisraily close to 7.
Arrange two concentric circléy, C, of radius 1 and % ¢, respectively. Aroun@@y, arrange
6 circlesCy,Cy,...,Cg of radius 1. Note that these circles correspond to transonisadii
of 1/ and(1+ €)/ @, respectively. The circleSy, ...,Cg do not overlap, bu€, intersects
them all. Hence, the price of anarchy for this instance/icl % ¢). Sincee can be made
arbitrarily small, we obtain a lower bound of 7 on the priceanérchy.

We conjecture that the true price of anarchy is 7. In lieu ofrfal evidence, we have
verified this computationally by formulating a nonlineatiopzation problem. When solved
using the LGO global optimization suite [17], we obtain atiryal solution of 7, achieved
only when packing 7 circles.

Claim The price of anarchy of the spectrum-sharing game with pewetrol is 7.

6 Convergence to Nash Equilibria

We have assumed that the order that APs are set is determiogedr®usly. Clearly, if there
aren APs altogether, there will be at massteps before they are all set up. But now suppose
that bargaining moves are interspersed with the settingf yg°s. How many steps will it
take before all the APs are set up and we reach a local optismithat no further bargaining
can improve the situation? In this section, we address thedtipn. For the purposes of this
section, we call a bargaining move or coloring of a new veatcal improvementsince it
improves the payoff for at least one agent and does not makethar agent worse off.

This question is particularly easy to answer in the unweidltiase, where all APs trans-
mit with the same power and users are uniformly distributedhat case, each local im-
provement increases the number of colored vertices by sttdee, thus after at mostocal
improvements, the resulting color assignment is a NasHibguim. In the weighted case,
the same argument shows that the number of local improvenefinite. In fact, we can
easily prove the following:

Proposition 5 In the weighted spectrum-sharing game, players will cogeeo a local op-

timum after finitely many local improvements, no matter vidivad of bargains are allowed.
Furthermore, if all weights are integers bounded by a poiyia in the number of vertices,
then players will converge to a local optimum after a polyredmumber of local improve-
ments.

Proof Each local improvement increases the value of the cologassnt, and there are
only finitely many color assignments, thus the number of iptesgmprovements is finite. If

all weights are integers and are polynomial in the numbeedfaes, then the total weight of
colored vertices is also polynomial in the number of veridster each local improvement,
the total weight increases by at least one. Thus, playengecga to a local optimum after
polynomial number of local improvements.

The assumption that weights are integers bounded by a pofghén the number of
vertices is critical in Proposition 5. If we allow arbitrameights, then we show that there is
always an order of local improvements that reaches a lodaham in a linear number of
steps, but in some graphs, there may also be orders thatgp@aentially many steps.
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Fig. 4 The unit disk graph used in Theorem 7 with= 8.

Theorem 7 Suppose that local improvements are of two kinds: colorimgwa vertex and

changing the coloring via a 1-buyer multiple-seller bamgain the weighted spectrum-
sharing game on unit disk graphs, it may take exponentialipyriocal improvements to
converge to a Nash equilibrium.

Proof Assumek = 1, that is, that there is only one color available. Considher graph
G = (V,E), whereV = Vi N\V,, Vi = {Vig,...,Vin}, W(vj) = 2, andw(v,j) = 2] —¢.
Vertexv, j is connected toy j_»,vq j_1,V1 j. The graph fon = 8 is depicted in Figure 4. It
is not hard to show that this graph is a unit disk graph.

We start from the empty coloring. The set of improvementsifodows. We start with

an empty coloring:

1. Color vertices/ g andvys.

2. Colorvy, and uncolow;g andvys.

3. Colorvy, and uncolowss.

4. Colorvoz and uncolowyo.

5. Colorviz and uncolow,s.

6. Do items 1,2,3 again.

7. Colorvos and uncolowy» andvys.
8. Colorvi4 and uncolowyg.

9. Colorvys and uncolowyg.
10. Colorvyis and uncolowss.
11. Doitems 1to 7 again.

Note that each of the above steps corresponds to coloringvavegex or a 1-buyer
multiple-sellers bargaining. We can continue the sequaoye using a similar pattern.
Using induction, it is straightforward to show that the nenbf local improvements is at
least 2~ for graphG.

Although the number of local improvements to a Nash equilibrcan be exponential,
it is worth noting that from an empty coloring we can find a patHength at mosn of
local improvements to a Nash equilibrium. This can be donérbyordering the vertices
in decreasing order by weight, and then coloring the vestinea greedy way, starting with
the one of highest weight. After the coloring is completéds easy to see that no 1-buyer—
multiple-seller bargain can improve the situation.

7 Approximation Algorithms for Optimal Channel Allocation

Consider the situation of a service provideafter all the APs have been acquired (and there
may have been perhaps some bargaining). At that paiotyns a collection of APs, and
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would like to color them in an optimal way. This is the probleve already considered.
However, now there is an additional complication. Servicevigler a may be able to pay
other providers to uncolor some of their APs. Which ones khitypay? That depends in
part, of course, on the cost. Suppose, for simplicity, tHahe vertices of the other service
providers have already been allocated colors and have &alljpknown (non-negotiable)
price of uncoloring. Then we can associate with each vertexned by providea and color

¢ the costp(v,c) of coloringv with c. This is just the sum of the prices required to uncolor
all the neighboring nodes owned by other service providetsdre colored by. (The price

is 0 if no neighbors of are colored byc.) The following definition captures the essence of
the problem in which we are interested.

Definition 1 LetG = (V,E) be a graph and Idt1, ... ,k} be the available colors. With each
vertexv are associatel+ 1 numbersw(v), p(v,1), ..., p(v,k), wherew(v) is the utility
of vertexv andp(v, ¢) is the cost of coloring vertex with color ¢ € C. TheMax weighted
k-LIS problem is the problem of finding a proper colori@g V — {1,...,k} U{ L} that
maximizes the total weight of colored vertices minus thaltptice of assigning these colors

to these vertices, i.€5,vev () cv)~L W(V) — Svev(),cv~L PLC(V)).

Max-LIS is a generalization of the maximum induckdolorable subgraph problem.
Thus, it is not approximable for general graphs. Howevenifit disk graphs we can design
efficient approximation algorithms for this problem. If wedtk, the number of colors, as
a constant, then we can in fact design a polynomial time aqumiation scheme (PTAS) for
the problem, i.e, a & e-approximation for any constaat> 0.

Theorem 8 There is a PTAS for the unweightétbx-L1S problem for any constant k on
unit disk graphs.

Proof The algorithm is based on that of Nieberg, Hurink, and Ke] [2r finding maxi-
mum independent sets in unit disk graphs. Gdie a unit disk graph. Assume that there are
k colors available. LeN" (v) consist of all vertices such thad(u,v) <r, and letL,(v) be
the maximum number of vertices M (v) that can be colored (with tHecolors). Observe
thatN'(v) is contained within a circl€; (v) of radiusr centered at. The number of vertices
in N'(v) that can be colored with one color is then at m@stas each has areacompared
with the area o€, (v) of rr2. Thus,L,(v) < kr2.

Letp = 1+¢. Letr’ be such thap” > kr'2. Sincep > 1, it is always possible to find
such anr’. We claim that there exists a constarguch that_1(v) < pL,(v). Otherwise,
if Lry1(v) > pL(v) for all r <1/, then it holdsL, (v) > p" > kr?, which contradicts our
previous bound o (V).

We claim that one can find a/p-approximation to an optimallax-LIS set in time

n°kr®) wheren = |G|. We prove this by induction on. We proceed as follows. Choose a

! ! N . . 2
vertexv € G andr’ <r such thaL" (v) < pL" +1(v). Note that we can find in time n(lj(kr ),

wheren; = [N (v)| by exhaustive search of all the colorings. In this time, we aiso find
an optimalMax-LIS set ofN" (v). SinceL” (v) < pL"*1(v), the optimaMax-k-LIS set of
N"(v) is a 1/p-approximation to the optimalax-k-LIS set forN"*l(v). Now consider
the graphG’ = G— N"*1(v). By the induction hypothesis, we can find golapproximation
to an optimaMax-LIS set forG' in time n?““z), wheren, = |G'|. Note that all vertices of
G andN'(v) are nonadjacent, so we can combine the optimal solutiohfd) with the
solution forG' to get a ¥ p-approximation to the optimal solution f@.
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The algorithm above does not solve the problem for the weijbase. In the weighted
case, we can design a PTAS if the graph is given as a set ofidigs plane.

Theorem 9 There is a PTAS for theveighted Maxk-LIS problem (where k is a constant)
on unit disk graphs, when the graph is given as a set of diskeiplane.

Proof We give a randomized algorithm, that is easily derandomiketle > 0 be given and
letd = 2+2/¢. Pick valuesa, ¢ uniformly at random from{0,1,...,d — 1}. Construct a
graphG’ containing all the disks fron® except those with centefs,y) such that|x| =

a (modd) or [x] =B (modd). The graphG’' now consists of disjoint subgraphs. Each
subgraphC has independence number at m@bt- 1)%, and thus the maximum number of

vertices in a-colorable subgraph i@ is at mostkd?. There are at mos(tl‘fé‘z) such sets to
search through. Hence, by exhaustive search, we can findnaadgblution toMax-LIS on
G in time n® . Let OPT (OPT’) be the weight of the maximum weightax-LIS solution
on G (G'). By the linearity of expectatiorE[OPT'] = %OPT. Thus, the expected

performance ratio is bounded by

d? d

< —1ie
@ _2d+1-d_2 ¢

The algorithms in Theorem 8 and 9 are not polynomial time the number of colors,
is part of input. Instead, ik is a part of input, the same local optimization algorithm for
weighted Max-CSgives a 6-approximation fdviax weighted k-LIS . The proof is similar
to that of Theorem 1, as it involves only a comparison betwssimal and locally-optimal
solutions.

Theorem 10 There is a polynomial time 6-approximation algorithm foe tflax weighted
k-LIS problem in unit disk graphs.

8 Related Work

There are two bodies of work related to ours. The first is workhe price of anarchy in
other contexts. Large distributed systems such as thenktteften involve many economic
agents. Game theory suggests that, if they follow their oslfish interests in a noncooper-
ative manner, they will end up in a Nash equilibrium. Koutsias and Papadimitriou [16]
first proposed investigating the price of anarchy, thatdsy far a Nash equilibrium can be
from the socially-optimal solution to the problem. Theyditd the price of anarchy of a
scheduling problem on parallel machines with selfish jobscestheir work, much progress
has been made in understanding the price of anarchy in mamtiens. See [6,8,12,25,
29] for a representative sample of the papers on this topic.

Our results are based on relating the Nash equilibrium ofgeetrum game and local
optimization algorithms for maximurk-colored subgraphs. Even-Dar et al. [7] studied the
convergence time to Nash equilibria of a scheduling gameelating that game to local
optimization algorithms for the scheduling problem. Sed £920] for other work in this
spirit. Subsequent to the conference version of our paperagbpoulou and Spirakis [24]
considered a graph-coloring game similar in spirit to thosesidered here. In thier game,
the set of players is the set of vertices, and the action spfach player is the set of colors.
The payoff that a vertex receives is the total number of vertices that have chosegatime
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color asv, unless a neighbor afhas also chosen the same color. Thus, their payoff function
is quite different from ours.

The second body of relevant work is on spectrum-sharing améss. Efficient spectrum-
sharing mechanisms have been proposed in several worl& [¥]2Satapathy and Peha [26]
proposed a spectrum-sharing etiquette for devices accetds free frequency band. Aftab [1]
presented an artificial economy approach to the problemh Eextex is assigned an artifi-
cial budget. Nodes use this wealth intelligently to bid dyizally for the right to transmit.
Huang et al. [14] present an auction-based centralized amézin to allocate transmitting
power to a group of users such that the interference at amyisibelow a threshold. They
consider spread spectrum system where there is no fixed eleation. Thus, these pa-
pers either consider dynamic channel access or power iloda spread spectrum system.
To the best of our knowledge, we are the first to study specsianing in the static case,
where a vertex (AP) holds a channel indefinitely unless gasés the channel voluntar-
ily. Our model seems more appropriate for the large 802.1&arks that are being set up
by service providers. Subsequent to our work, Felegyhatituubaux [10] study a power-
control game among cellular providers. The key differerscthat, they assume each base
station broadcasts a pilot signal using a pilot channel,useds communicate with the base
station with the strongest received pilot signal. The wytitif a base station is the coverage
area where it has the strongest pilot signal.

9 Conclusions and Future Work

Spectrum sharing is an inherently distributed problemhwid central authority to coor-
dinate and arbitrate channel allocation. It is importait ttpectrum sharing be efficient,
allowing as many users as possible to use the network. Wahrtimind, we have modeled
spectrum sharing as a game between providers, and anahgedde of anarchy. We show
that if we assume that providers are able to use easily ingiéable bargaining procedures,
the price of anarchy is bounded by a constant provided tleaswse distributed uniformly
or every AP uses the same transmission power.

There are many avenues for future research. Some of the fomratice of anarchy can
be tightened, and the convergence issues are not comptetalived. In particular, useful
conditions that guarantee polynomial-time convergenca teash equilibrium would be
valuable. Further investigations on general weighted paweatrol game where the weight
is not just a function of the area within transmission rarggewell as the effect of other
types of bargaining procedures on the price of anarchy, avbelinteresting.

Finally, spectrum sharing games for other systems are antopé. We have disallowed
an AP a channel if it interferes with existing APs. Alternaty, providers can agree on a so-
cial rule where the usage of a channel is shared in some fainenaWe have also assumed
that channel width is fixed, while one could consider speatsharing games where chan-
nel width can be adapted. Moscibroda et al. [22] have corsidthe centralized channel
assignment problem.

Acknowledgements We thank MohammadTaghi Hajiaghayi for helpful comments disgdussions espe-
cially on Section 6.
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