
Greed is good�: Approximating independent sets in sparse andbounded-degree graphs yMagnús M. Halldórssonz Jaikumar RadhakrishnanxAbstractThe minimum-degree greedy algorithm, or Greedy for short, is a simple and well studiedmethod for �nding independent sets in graphs. We show that it achieves a performance ratioof (�+ 2)=3 for approximating independent sets in graphs with degree bounded by �. Theanalysis yields a precise characterization of the size of the independent sets found by thealgorithm as a function of the independence number, as well as a generalization of Turán'sbound. We also analyze the algorithm when run in combination with a known preprocessingtechnique, and obtain an improved (2d + 3)=5 performance ratio on graphs with averagedegree d, improving on the previous best (d + 1)=2 of Hochbaum. Finally, we present ane�cient parallel and distributed algorithm attaining the performance guarantees of Greedy.1 IntroductionAn independent set in a graph is a collection of vertices that are mutually non-adjacent. Theproblem of �nding an independent set of maximum cardinality is one of the fundamental com-binatorial problems. It is known to be NP-complete, even for bounded-degree graphs, andtherefore no e�cient algorithms are in sight.Given the hardness of exact computation, we are interested in approximation algorithms forthe independent set problem in bounded-degree graphs. In particular, we seek an algorithmwith a good performance ratio, which is a bound on the maximum ratio between the optimalsolution size (i.e. the independence number) and the size of the solution found by the heuristic.One of the most ubiquitous heuristic methods for this problem is the greedy algorithm whichselects a vertex of minimum degree, deletes that vertex and all of its neighbors from the graph,and repeats this process until the graph becomes empty. As a delightfully simple and e�cientalgorithm, the Greedy method deserves a particularly detailed analysis. It is already known topossess several important qualities: attaining the Turán bound, and its generalization in termsof degree sequences [30, 8]; almost always obtaining a solution at least half the size of an optimalsolution in a random graph [23]; yielding a non-trivial graph coloring approximation [16], and a�light� coloring with a small chromatic sum [19], when applied iteratively as a coloring method;and �nding optimal independent sets in trees, series-parallel, cographs, and graphs of degree atmost 2.While the performance ratio of Greedy has been analyzed before to some extent, the trueextent of its performance has apparently not been determined before. The best ratio previously�Gordon Gekko [29].yA preliminary version of this paper appeared in the 26th ACM Symposium on Theory of Computing, 1994.zScience Institute, University of Iceland, IS-107 Reykjavik, Iceland. email: mmh@rhi.hi.is. Work done atJapan Advanced Institute of Science and Technology � Hokuriku.xTheoretical Computer Science Group, Tata Institute of Fundamental Research, Bombay, India 400 005. email:jaikumar@tcs.tifr.res.in. Work done while visiting JAIST.1



claimed for Greedy was � � 1 on graphs with maximum degree � [27] and d + 1 on graphs ofaverage degree d [14].Our main result is that Greedy is much better than previously claimed. We obtain a tightperformance ratio of (� + 2)=3 in terms of maximum degree, and an asymptotically optimalbound of (d + 2)=2 in terms of average degree. In the process, we give a natural extensionof Turán's bound that incorporates the actual independence number of the graph, and give ageneral, tight expression of the size of the solution found as a function of the independencenumber and the number of vertices.We further analyze Greedy extended with a preprocessing method of Hochbaum [14]. We useit to improve the best performance ratio known in terms of average degree to (2d + 3)=5, butshow it to be of limited use in terms of maximum degree.It follows from our analysis that globally minimum degree is not required for Greedy to achievethe performance guarantees claimed above; in fact, it holds for any vertex whose degree is atmost the average of the degrees of it and its neighbors. This is a locally evaluated property thatnaturally leads to a parallel and distributed algorithm inheriting the approximative propertiesof Greedy, for the �rst non-trivial such approximations known to us.The remainder of the paper is organized as follows. In Section 2 we present the Greedyalgorithm and some of its properties including the Turán bound, and review other results onapproximating this problem. We analyze Greedy in detail in Section 3, starting with a general-ization of the Turán bound in Section 3.1, followed by tight performance ratios in Section 3.2,and limitations on its performance in Section 3.3. In Section 4, we consider improvements ob-tained by additionally applying a preprocessing technique, and describe in Section 5 a parallelalgorithm attaining the bounds proved for Greedy.1.1 NotationWe use fairly standard graph notation and terminology. For the graph in question, usuallydenoted G = (V;E), n denotes the number of vertices, � the maximum degree, d the averagedegree, � the independence number (the size of the largest independent set), and � the inde-pendence fraction (that is, �=n). For a vertex v, d(v) denotes the degree of v, and N(v) the setof neighbors of v.For an independent set algorithm A, A(G) is the size of the solution obtained by A on graphG = (V;E). The performance ratio �A of A is de�ned by�A = �A(n) = maxG;jGj=n �(G)A(G) :We focus on Greedy, denoted by Gr.2 The Greedy Algorithm and Related Results2.1 The Greedy AlgorithmThe minimum-degree greedy algorithm, or Greedy for short, incrementally constructs an inde-pendent set by selecting some vertex of minimum degree, removing it and its neighbors fromthe graph, and iterating on the remaining graph until empty.Greedy(G)I  ;while G 6= ; do 2



Choose v such that d(v) = minw2V (G)d(w)I  I [ fvgG G� fvg [N(v)odOutput IendThe algorithm can be implemented in time linear in the number of edges and vertices,independent of the degree.We call a node critical if its degree is at most the average of the degrees of it and its neighbors.That is, v is critical if it satis�es: d2(v) � Xw2N(v)d(w): (1)A vertex of minimum degree is critical, hence such a node always exists. Although we stateGreedy with this minimum-degree pivoting rule, the only property that we shall use is that theselected vertex is critical.Consider an execution of the algorithm to be a sequence of reductions, each correspondingto an iteration. In a reduction, a vertex is selected, added to the solution, and then removedalong with its neighborhood from the graph. Let t denote the number of reductions and di thedegree in the remaining graph of the i-th vertex selected, i = 1; 2; : : :t. The number of verticesremoved in the i-th reduction is thus di + 1.The main property of the algorithm that we shall be using in our analysis is that the sumof the degrees of the di + 1 vertices removed in the i-th reduction must be at least di(di + 1).This allows us to bound from below the number of edges removed in each step.2.2 Previous results on GreedyA classical theorem in graph theory, due to Turán [28], states that for any graph G,�(G) � n=(d+ 1);and that the inequality is tight only for the graph consisting of �(G) disjoint cliques of size asequal as possible. Wei [30] (see [10]) proved an extension,�(G) � Xv2V 1=(d(v) + 1);which he showed was attained by Greedy. This result actually follows from an earlier theoremof Erd®s[8] (see [10]), which states that if a graph contains no independent set of size k + 1,then there is graph consisting of k disjoint cliques whose degree sequence dominates that of theoriginal graph. The proof of his theorem can also be seen to indirectly refer to Greedy.We include a proof here of the fact that Greedy attains the Turán bound, since the proofs ofour central results build directly upon it.Theorem 1 Gr � nd+ 1Proof. The proof is a variation of the one given by Hochbaum [14]. The Greedy algorithmperforms a sequence of t reductions, each time picking a vertex and deleting it and its neighborsfrom the graph. We count the number of vertices and edges deleted in each reduction.3



The removal of vertices in each reduction partitions the vertex set; thus:tXi=1(di + 1) = n (2)Since Greedy always selects a critical vertex, the sum of the degrees of the vertices deleted instep i is at least di(di + 1), and thus the number of edges deleted is at least half that amount.Summing over all the reductions: d2n = jEj � tXi=1  di + 12 !: (3)We now add (2) and twice (3), and obtain:(d+ 1)n � tXi=1(di + 1)2:Using the Cauchy-Schwarz inequality and (2), we get:(d+ 1)n � n2=t:Rearranging the inequality, we obtain the desired bound on t, which is precisely the number ofvertices found by Greedy.Another simple algorithm operates by a rule that is the inverse of Greedy: it deletes avertex of maximum degree, until no edge remains. Surprisingly, this algorithm also attains theTurán bound, as proved independently by Griggs [10] and Chvátal and McDiarmid [7]. Itsapproximative properties are however weaker. On the graph with 2s vertices that is completebipartite less a single perfect matching, the algorithm may �nd only a two vertex independentset for an approximation ratio of s=2 = (�+ 1)=2. As a result, we do not consider this methodfurther.An upper bound of ��1 of the performance ratio of Greedy (with the minimum-degree rule)can be obtained by rudimentary arguments. Observe that in a graph with minimum degree�, the independence number is bounded from above by n�=(� + �). This is because at least�jI j edges must exit an independent set I while at most �(n � jI j) edges can be incident onthe remaining vertices. Thus in a regular connected component, the independence number is atmost n=2, for a ratio of (� + 1)=2. This is at most � � 1 for � � 3, and we also know thatGreedy is optimal when � = 2.Consider now the case of a non-regular component. In each step there is a vertex of degreeat most � � 1, so Greedy �nds at least n=� independent vertices. As long as Greedy selects avertex of degree one it proceeds optimally, since the optimal solution can contain at most one ofthe two vertices deleted in each step. Thus, we may assume without loss of generality that theminimum degree is at least two. Hence, by the previous argument, the independence number isat most n�=(�+ 2). Combined, this yields a ratio of �2=(�+ 2), which is also at most �� 1.The above argument may be what is alluded to in [27, p.306].2.3 Related resultsAny maximal independent set is of size at least n=(�+1), which results in a trivial performanceratio of � + 1. In fact, a ratio of � holds, since an optimal solution can contain at most �jI jvertices not already in a maximal solution I . 4



The theorem of Brooks [5] is an early result that states that any connected graph can becolored with � colors unless is consists of �+ 1-clique or an odd cycle. Since we can dispose ofthe exceptions optimally, this yields a stronger bound of n=� on the size of the independent setwe �nd. Lovász [22] gave an elegant proof that can be turned into an e�cient algorithm.Hochbaum [14] introduced a preprocessing technique whose e�ect was to obtain stronger up-per bounds on the size of the optimal solution. The technique was based on results of Nemhauserand Trotter [24] on solutions of the linear programming relaxation of the independent set prob-lem. We describe this approach in more detail in Section 4. She obtained approximations ofweighted independent sets by applying coloring heuristics and selecting the heaviest color as asolution. In particular, she obtained ratios of �=2 and (d(G) + 1)=2, where d(G) is the largestminimum degree of any induced subgraph of G, as well as a ratio of (d+1)=2 in the unweightedcase.A decade passed with little e�ect. Independent of the current work, Berman and Fürer [4]followed by Berman and Fujito [3] gave signi�cantly improved ratios of (� + 3)=5. The draw-back of their methods is the exorbitant time complexity of more than exp(32�10 logn). Theirapproach is a local search method, that seeks a larger solution primarily by deleting a moderatenumber of vertices while adding a greater number.Khanna et al. [18] also considered a simpler version of this local search strategy, that merelydeletes one while adding two or more. They obtained ratios that improved on the �=2 boundof [14].Alongside with the current work, we studied subgraph removal methods that are motivatedby results in graph theory that state that graphs without small cliques contain provably largerindependent sets. This allows us to obtain performance ratios of �=6(1 + o(1)) for graphs ofsmall to fairly large degree, as well as an asymptotic ratio of O(�= log log�) [11, 12]. We havealso analyzed further the local search method of the previous two papers, decreasing the timecomplexity needed for the result of [4], and obtained a performance ratio of (�+ 3)=4 [11] withan e�cient version, illustrating further time/approximation tradeo� possibilities.Halldórsson and Yoshihara [13] have used ideas from the current paper to analyze modi�edversions of the greedy algorithm schema. In particular, for graphs of maximum degree three,they give a linear-time algorithm that attains a ratio of 9=7 � 1:286.The preceding has focused on possibility results, but non-approximability results have madegreat strides in recent years. The independent set problem in bounded-degree graphs (for each�xed �) belongs to the class of MAX SNP-complete problems introduced by Papadimitriou andYannakakis [25]. The groundbreaking results on the theory of interactive proofs, resulting in thelandmark paper of Arora et al. [2], show that there is a �xed � > 0 such that approximating theindependent set problem in bounded degree graphs within a factor of 1 + � is NP-hard. Evenstronger results hold when degree restrictions are lifted: the independent set problem cannotbe approximated with n�, for some �, unless P = NP [2]. Alon et al. [1] have recently beenable to scale the latter results down to show that �� approximation on bounded-degree graphsis similarly NP-hard.3 Analysis of Greedy3.1 Relative size of Greedy solutionsWe start by strengthening the constructive version of Turán's theorem, by expressing the sizeof the obtainable independent set as a function of the independence number. Observe thatour bound dominates Turán's, yielding strict improvements whenever the independence numberexceeds the promise of Turán's bound. Recall that � is the independence fraction, �=n.5



Theorem 2 Gr � 1 + �2d+ 1+ � nProof. Our proof follows that of Theorem 1, while we now additionally keep count the numberof vertices deleted that belong to some maximum cardinality independent set.Fix an independent set of maximum cardinality �, and let ki be the number of vertices amongthe di + 1 vertices deleted in reduction i that are also contained in that maximum independentset. Then: tXi=1 ki = �: (4)Recall that the sum of the degrees of the vertices deleted in step i is at least di(di+1). Notethat no edge can have both its endpoints in the maximum independent set. Thus, the numberof edges deleted is at least �di+12 �+ �ki2 �. Hence we obtain the following strengthening of ineq. 3:d2n = jEj � tXi=1 di + 12 !+  ki2!: (5)We now add (2), (4) and twice (5), and apply the Cauchy-Schwarz inequality to obtain:(d+ 1 + �)n � tXi=1(di + 1)2 + k2i � (1 + �2)n2=t:Rearranging the inequality, we obtain the desired bound on t.We now turn our attention to bounded-degree graphs, using techniques similar to the pre-ceding proof to obtain bounds parametrized by the maximum degree �.Theorem 3 Gr � 1� �(1� �)(1� �)� + 1nProof. We extend the proof of Theorem 2. In the i-th step di+1 vertices and all edges incidenton them are deleted. Of these edges, let xi have only one end in these di + 1 vertices; theremaining edges have both ends among the di + 1 vertices: of these, let yi have one end in theindependent set and one outside, and zi have both ends outside. Then we have:xi + 2(yi + zi) � di(di + 1); (6)yi � ki(di + 1� ki); (7)Multiply (7) by �1 (reversing the inequality) and add it to (6) to obtain:xi + yi + 2zi � di(di + 1)� ki(di + 1� ki)=  di + 12 !+  di + 12 !� ki(di + 1� ki)=  di + 12 !+  ki2!+  di + 1� ki2 !:Since the number of edges deleted in the i-th step is precisely xi+ yi+ zi, we have the followingextension of (5): jEj � tXi=1 di + 12 !+  ki2!+  di + 1� ki2 !� zi (8)6



We also count the total degree of vertices outside the maximum independent set, whichentails counting edges incident on the independent set vertices once but those fully outside theindependent set twice. (n� �)� � tXi=1 zi + jEj: (9)Now add twice (8) and twice (9) to obtain:2(n� �)� � tXi=1 di(di + 1) + ki(ki � 1) + (di + 1� ki)(di � ki):To simplify the right hand side, we add Pti=1(di + 1) + ki + (di + 1 � ki) and compensate forthis by adding 2n to the left hand side (invoking (2)). Then:2(n� �)� + 2n � tXi=1(di + 1)2 + k2i + (di + 1� ki)2: (10)Using (2), (4) and the Cauchy-Schwarz inequality , we obtain:2((1� �)� + 1)n � [1 + �2 + (1� �)2]n2=t:The claim follows from this.3.2 Performance guaranteesThe following bound on the performance of Greedy on sparse graphs follows easily. We use thebound of Theorem 2 in the denominator of the performance ratio function, use the identity� = �n in the numerator, and observe that the ratio is maximized when � = 1.Corollary 4 �Gr � d+ 22For bounded-degree graphs, the general expression obtained in Theorem 3 almost � but notquite � yields our main claim about the performance ratio of Greedy. We now proceed to analyzethe performance of Greedy using a �ner scalpel.Let td;k be the number of reductions performed by Greedy where a vertex of degree d waschosen and exactly k vertices of the independent set were removed. More precisely, for d =0; 1; : : : ;� and k = 0; 1; : : : ;max(d; 1), we de�ne td;k = jfi : di = d and ki = kgj: With thisnotation, we may rewrite the constraints (2), (4) and (10) as:Xd;k (d+ 1)td;k = n; (11)Xd;k ktd;k = �; (12)Xd;k [(d+ 1)2 + k2 + (d+ 1� k)2]td;k � 2n(� + 1)� 2��: (13)We wish to extract from these constraints the best possible lower bound for t = Pd;k td;k .For this we use the method of multipliers described in Chvátal [6, page 54].Theorem 5 �Gr � (� + 2)=3Proof. We need to consider two cases based on the value of �.7



Case � � 0; 1 (mod 3) [i.e. � + 1 � �1 (mod 3)]. We construct the linear combination ofthe constraints (11) and (13), with multipliers 2(�+ 1) and �1 respectively, and obtain:Xd;k [2(d+ 1)(�+ 1)� ((d+ 1)2 + k2 + (d+ 1� k)2)]td;k � 2��: (14)Let �(d) = mink [(d+ 1)2 + k2 + (d+ 1� k)2]and C(d) = 2(d+ 1)(�+ 1)� �(d):Set td =Pk td;k and conclude from (14) that:Xd C(d)td � 2��; (15)We show below that, for d = 0; 1; : : : ;�, C(d) � 2�(�+ 2)=3. That with (15) then gives�+ 23 t � �;as required. It remains only to establish the following claim.Claim: For d = 0; 1; : : : ;�, C(d) � 23�(� + 2):Proof of claim: It can easily be veri�ed that:�(d) = ( 32(d+ 1)2 if d is odd32(d+ 1)2 + 12 if d is evenLet f0 : < ! < and f1 : < ! < be de�ned by:f0(x) = 2x(� + 1)� 32x2; f1(x) = f0(x)� 12 :Note: C(d) = ( f0(d+ 1) if d is oddf1(d+ 1) if d is evenNow, f 00(x); f 01(x) = 0 i� x = 2(� + 1)=3, and f 000 (x); f 001 (x) = �3. Thus, both f0 and f1 areconcave functions that achieve their unique maximum at x̂ = 2(� + 1)=3. Since f0 and f1 arepolynomials of degree 2 in x, f0(x̂+ �) = f0(x̂� �) and f1(x̂+ �) = f1(x̂� �), for all �. Thus, toestablish the claim, it is enough to verify that f0 at the nearest even integer to x̂ and f1 at thenearest odd integer to x̂ are at most 2�(� + 2)=3.Let � + 1 = 3m+ r, where r = �1 (since �+ 1 = �1 (mod 3)). The nearest even integerto x̂ is 2m and the nearest odd integer to x̂ is 2m+ r. Plugging in, we �nd thatf0(2m) = f1(2m+ r) = 6m2 + 4mr = 23�(� + 2);establishing the claim. 8



Case � � �1 (mod 3). This time, we construct a linear combination of the constraints (11),(12) and (13), with multipliers 2(�+ 1), 2 and �1 respectively, and obtain:Xd;k C(d; k)td;k � 2(�+ 1)�; (16)where C(d; k) = 2(d+ 1)(�+ 1) + 2k � (d+ 1)2 � k2 � (d+ 1� k)2= 2(d+ 1)(�� d) + 2k(d+ 2� k):Let C(d) = maxk C(d; k). To obtain the an upper bound on C(d) in terms of �, we considerthe functions f0 : < ! < and f1 : < ! < de�ned as follows.f0(x) := 2(x+ 1)(�� x) + 12(x+ 2)2 � 12 = (x+ 1)(2�� 32x+ 32)f1(x) := 2(x+ 1)(�� x) + 12(x+ 2)2 = x(2�� 32x) + 2(�+ 1)It can be veri�ed that C(d) = ( f0(d) if d is oddf1(d) if d is evenWe wish to bound f0(d) for odd values of d, and f1(d) for even values of d. Now, f 00(x); f 01(x) = 0i� x = 2�=3 and f 000 (x); f 001 (x) = �3; thus f0 and f1 attain their unique maximum at x̂ = 2�=3.Since f0 and f1 are polynomials of degree 2 in x, it is enough to bound f0 at the nearest oddinteger to x̂ (i.e. (2�� 1)=3), and f1 at the nearest even integer to x̂ (i.e. 2(�+1)=3). Pluggingin, we �nd that f0(2�� 13 ) = (2�� 13 + 1)(2�� 2�� 12 + 32)= 23(� + 1)(�+ 2);f1(2(�+ 1)3 ) = 2(� + 1)3 (2�� (� + 1)) + 2(�+ 1)= 23(� + 1)(�� 1 + 3)= 23(� + 1)(�+ 2):Thus, C(d) � 23(�+ 1)(�+ 2), and using (16) we obtain �+ 23 t � �.3.3 LimitationsThe performance ratios proved above cannot be improved.Theorem 6 �Gr � �+ 23 � O(�2=n); for every � � 3:Proof. We give a detailed construction for � � 1 (mod 3). Consider the following family ofgraphs H`, ` � 2. We have a chain of repetitions of a pair of subgraphs: a clique on ` verticesfollowed by an independent set on ` vertices. The two subgraphs are completely connected,while the connections between the independent set and the clique of the following pair miss only9



Figure 1: Initial portion of a hard graph for Greedy, � = 7a single perfect matching (i.e. each vertex in the independent set is adjacent to `� 1 vertices inthe following clique). The chain ends with one additional clique.An instance of this graph with ` = 3 is shown in Figure 1, with the vertices picked by Greedyshown in black and the maximum independent set vertices in grey.The essential property of the graph is that the degree of the independent set vertices equalsthe degree of the vertices of the �rst clique of the chain. We can therefore assume that Greedywill pick one of the vertices from the �rst clique and remove the remaining vertices from thepair, reducing the graph to an identical chain with one fewer pairs.Thus, Greedy selects one vertex from each pair, plus one from the �nal clique, for a totalof (n � `)=2`+ 1. The optimal solution contains all the independent set vertices for a total of(n� `)=2. This yields a ratio of �Gr(H`) � `� 2`2=n:To relate that to the degree measures, we have that � = 3`� 2, andd � 2  2̀!+ `2 + `(`� 1)! =2` = 5`� 32 :Thus, �Gr � �+ 23 � O(�2=n) (17)and �Gr � 2d+ 35 �O(d2=n) (18)even when � � 1=2.For the case of� � 0; 2 (mod 3) we need more complicated chains of groups of six subgraphs.For 0 (mod 3), the elements are of the form:K`�1 � K` � K`�1 � K` � K` � K`�1where Ks (Ks) denotes a clique (independent set) on s vertices, respectively. In all cases, aclique is completely connected to the following independent set, while connections from theindependent set to the next clique miss a single perfect matching. In addition, `� 1 edges fromthe �rst independent set (the second subgraph) go towards the �rst clique in the next grouprather than to the one immediately following. The chain is �nished with an additional 2` � 1clique. 10



Figure 2: Initial portion of a hard graph for Greedy, � = 6An example for ` = 3 is given in Figure 2.The graphs are designed so that minimum degree will stay as 2`� 2 and equal the degree ofthe left-most remaining clique. Hence, we may assume that Greedy will pick exactly one vertexper clique, or 3 nodes per group, while the number of vertices in the maximum independentset is 3` � 1 per group. Hence, ignoring the end of the chain, the approximation ratio is`� 1=3 = (� + 2)=3, since maximum degree is 3`� 3.The case of � � 2 (mod 3) is similar, with each element of the form:K`�1 � K`+1 � K` � K` � K` � K`and edges going from the second to the �fth subgraph. We leave the details to the curiousreader.We now show that the bound on the performance ratio in terms of average degree (Corol-lary 4) is optimal in an asymptotic sense.Theorem 7 �Gr � d+ 22 �O(1=d)Proof. For each value of �, we describe an in�nite family of graphs for which the claimedratio holds. The graphs consists of chains of pairs of subgraphs as in the previous example withthe cliques reduced to single vertices. Each pair consists of a vertex adjacent to a `-elementindependent set each of whose nodes are adjacent to the ` � 1 following single vertex cliques.The chain then ends with a single `-clique that the vertices of the last ` � 1 independent setsare adjacent to. An example is given in Figure 3.Figure 3: Hard graph for Greedy in terms of average degreeThere are `2 edges for each pair consisting of ` + 1 vertices. Thus, if we ignore the end ofthe chain, the average degree is 2`2=(`+ 1) = 2`� 2 + 2=(`+ 1) and the ratio obtained is:` � d+ 22 � 2d+ 2 :The end of the chain increases the average degree by roughly O(`2=n), which disappears intothe lower order term. 11



Variations of the above constructions show that the bounds of Theorems 2 and 3 are tightfor a range of values of � . This involves varying the size of the cliques relative to the size ofthe independent sets, possibly by connecting each independent set to several subsequent cliques.We omit the details.4 Greedy with preprocessingFinding a maximum independent set of a graph G = (V;E) can be formulated as an integerprogramming problem which maximizes P xi over the 0-1 solutions of the system of linearinequalities: xi � 0 for each vi 2 Vand xi + xj � 1 for each (vi; vj) 2 E:If the integrality condition on the solutions is dropped, we obtain the fractional independentset problem, or the linear programming relaxation of the independent set problem. As shownby Edmonds and Pulleyblank (see [24]), this can be solved e�ciently via a bipartite graphconstructed as follows: Form two copies of the vertex set V , and let vertices in di�erentcopies be adjacent i� they correspond to adjacent vertices in G. Given a characteristic vector(y1; y2; : : : ; yn; y01; y02; : : : ; y0n) of a maximum independent set of this bipartite graph, an optimalLP solution of G is given by: xi = 12(yi + y0i):By the König-Egervary theorem [20, p.90], the independence number of a bipartite graph equalsthe number of vertices less the number of edges of a maximum matching. The bipartite matchingproblem can be computed in time O(pnjEj) by an algorithm of Hopcroft and Karp [15], andhence the LP relaxation of the independent set problem.We can partition V into the sets One, Half, and Zero, corresponding to the values of thevertices in a given (arbitrary but �xed) LP solution. Nemhauser and Trotter [24] showed thatthe set One is contained in some optimal independent set O of G. Furthermore, Zero cannotbe contained in O, as otherwise the value of those vertices could be unilaterally increased.Based on these results, Hochbaum [14] proposed a preprocessing method to improve theperformance of approximate independent set algorithms. Compute an LP solution, and applythe approximation algorithm only on the graph H induced by Half. To the solution foundby the algorithm, we can now add the vertices of One, possibly resulting in a considerableimprovement. The independence number of H can be at most the sum of the values of the LPsolution, or n=2, so this approach is particularly valuable when the independence number of Gis greater than that.Theorem 8 Greedy with preprocessing attains a ratio of (� + 2)=3, which is tight when � �1 (mod 3).Proof. The upper bound of (� + 2)=3 already follows from Theorem 5, but here it can also beobtained directly from Theorem 3 by arguing that � � 1=2. This is because both the approximateand the optimal solution consist of One along with the respective solutions on the graph H ,and in H , the independence fraction is at most 1=2.For � � 1 (mod 3), the tightness of this ratio is demonstrated by the graphs given in theproof of Theorem 6. They have the property that, for any independent set I , the number ofneighbors of the vertices in I exceeds the size of I . It then follows from Theorem 4 of [24] thatany LP solution has all values equal to Half, i.e. preprocessing is of no help, so H = G.12



We can improve on this bound slightly when � � 0; 2 (mod 3) to (� + 2)=3� 1=(3� + 2).For instance, we have a tight ratio of 3=2 when � = 3. Also, for � = 5 we get a ratio of16=7 � 2:286, down from the 2:33 promised by Theorem 5, while there is a graph that forces aratio of 2:27. We omit the details.4.1 Average degreeA greater care is needed for a result in terms of average degree. Once preprocessing has beenapplied, the average degree may have changed for the worse and we cannot immediately applythe bounds proved on Greedy. Nevertheless, a closer look shows that the bounds will comple-ment each other as hoped for. Hochbaum [14] showed that the Turán bound on Greedy can becomplemented with the � � 1=2 promise to yield a performance ratio bound of (d+ 1)=2. Wefollow her lead to obtain a similar result as expected from Theorem 2.Theorem 9 �Gr+Pre � 2d+ 35Proof. Let d0, � 0, n0 denote the average degree, independence fraction, and number of verticesof H respectively. Recall that H is the subgraph induced by Half, and note that � 0 � 1=2.Following [14], we use two properties. The �rst is that jOnej � jZeroj, as otherwise the LPsolution value is smaller than if Half = V . The second property is that the number of edges inG is at least d02 n0 + jOnej+ jZeroj, since we may assume that G is a connected graph and thatn0 is positive. Thus, the average degree of G is bounded by:d � d0n0 + 2jOnejn0 + 2jOnej :The size of the greedy solution will be at least 1+� 02d0+1+� 0n0 + jOnej, invoking Theorem 2, andthe size of the optimal solution � 0n0 + jOnej. Our goal is now to argue that:� 0n0 + jOnej1+� 02d0+1+� 0n0 + jOnej � (25d0 + 35)n0 + 2jOnejn0 + 2jOnejfrom which the theorem follows. Cross-multiplying, we �nd that this entails establishing:� 01 + � 02 (d0 + 1 + � 0) � (2d0 + 3)=5 (19)and, if jOnej > 0, 2� 0 + 1 � 2 1 + � 02d0 + 1 + � 0 + 2d0 + 35 : (20)Ineq. (19) holds because the left hand side is monotone increasing with � 0 for � 0 � 1. To establish(20), we may note that the function f(x) = 2x+1�2(1+x2)=(d0+1+x) is monotone increasingfor 0 � x � 1=2. Thus it su�ces to replace � 0 with 1=2 in (20) to obtain:2 � 52d0 + 3 + 2d0 + 35which is true, since a=b+ b=a is always at least 2 when a; b are positive.This again is tight for � � 1 (mod 3) by Theorem 6, Ineq. (18).13



5 Parallel algorithmThe minimum-degree greedy algorithm stipulates that in each step a vertex of globally minimumdegree be selected, added to the solution, and removed from the graph along with its neighbors.As such, it looks impossible to parallelize, and o�ers little freedom for heuristic improvements.Fortunately, this is a case where the analysis guides us towards the design of better and/or moregeneral algorithms.As observed in Section 2, it su�ces to select a critical vertex, i.e. one satisfying (1). Thishas some interesting implications. For one, it opens up the possibility of the design of heuristicsusing secondary selection rules or ordering heuristics while retaining the performance ratios ofGreedy.Another application is a straightforward derivation of a parallel as well as a distributedapproximation algorithm attaining the same performance ratios. Vertices can be selected inparallel as long as the selection of one doesn't a�ect the above criteria for the other. In particular,vertices with disjoint and non-adjacent neighborhoods (i.e. of distance four or greater) can beselected and processed concurrently.This suggests a natural approach to a parallel algorithm. Let G3 denote the graph obtainedby taking the adjacency matrix of G to the third power � two vertices are adjacent in G3 if theyare within distance three in G. The adjacency matrices used here are assumed to contain 1's onthe diagonal. For a vertex subset S, let N(S) denote the set of vertices adjacent to some nodein S. ParallelGreedy(G)I  ;while (V (G) 6= ;)W  f v 2 V (G) : v is critical gH  subgraph of G3 induced by WMIS  maximal independent set of HI  I [ MISG  G � (MIS [ N(MIS))odreturn IendWe assume the PRAM model, with a �ner distinction depending on the MIS algorithm used.We remark that this algorithm can also be implemented in the distributed model of computation[21].The following lemma due to Alon and Szegedy (private communication) shows that a signif-icant fraction of the vertices must simultaneously satisfy property (1).Lemma 10 At least 4�2+4n vertices are critical.Proof. Let Dv denote �Pw2N(v) d(w)�� d(v)2. We shall show thatPrv [Dv � 0] � 4�2 + 4 ;which implies the lemma. As observed by Shearer [26], Ev[Dv] = 0. The value of Dv is boundedabove by d(v)(��d(v))� �2=4, and since it is integral, it must di�er from zero by at least onewhen negative. Thus, �1(1� Pr[Dv � 0]) + �2=4 �Pr[Dv � 0] � 0:14



The claim now follows.Theorem 11 ParallelGreedy �nds an independent set of size and performance satisfying Theo-rems 3 and 5 in time O(log� nmin(poly(�) logn; (log�)�!)) using n processors in the EREWmodel.Proof. Each vertex added to the solution will satisfy property (1) regardless of the order ofremoval of the simultaneously chosen vertices. Hence, the results of the theorems apply to thisalgorithm.Let us now estimate the time complexity, starting with the number of iterations. FromLemma 10, the size of W is at least n=�2. Every vertex in W is reachable (in G) from MIS [N(MIS) by a (not necessarily simple) path of length 2. Since the number of vertices reachablefrom a �xed vertex in two steps is at most �2, we have:jMIS [N(MIS)j�2 � jW j � n=�2:Thus, the number of deleted vertices, that is jMIS [ N(MIS)j, is at least n=Delta4. Hence,the number of iterations is at most �4 logn.Also notice that for any vertex v in the graph, some vertex u of distance at most � � 1 iscritical. Either u is selected or some vertex within distance 2 of u, and thus within distance atmost � + 1 of v. There are at most ��+1 such nodes, and hence, number of rounds. A morecareful counting shows that the number of rounds is at most �!.The only non-trivial step in each round is the computation of a maximal independent setof the graph H . An algorithm of Goldberg et al. [9] �nds a maximal independent set in timeO(log�(H)(�2(H) + log� n)) using a linear number of processors.The combined time complexity is therefore bounded by O((�6+log� n)(log�)min(�4 log n;�!)).Note that this is O(log� n) on constant degree graphs.While the above algorithm yields a solution satisfying Theorem 2, its time complexity is notwell bounded in terms of the average degree d. Fortunately, this can be attained by �rst deletingall vertices of high degree.Lemma 12 Theorem 2 and Corollary 4 hold even if we �rst eliminate (simultaneously) allvertices of degree at least 3d+ 4.Proof. Consider the subgraph induced by vertices of degree less than 3d+4. Let (1�)n, d0, � 0denote the number of vertices, average degree, and independence fraction, respectively. Thus, represents the fraction of the vertices that were of high degree. The proposition is thatLHS = 1 + � 02d0 + 1 + � 0 (1� )n � 1 + �2d+ 1 + � n = RHS: (21)At least ((3d+ 3)=2)n edges are deleted, sod0 � 2jEj � (6jEj=n+ 4)nn� n � d(1� 3)� 41�  :The independence number of the remaining graph is at least the original value less the numberof deleted vertices, and thus � 0 � � � . We shall consider two cases, depending on the value of� � . 15



Case � �  � 1=(d+ 1). LHS is minimized when � 0 is at its minimum, which by Turán'stheorem is 1=(d+ 1). Thus, we plug in � �  for � 0, for:(1 + (� � )2)(1� )d(1� 3)� 4 + (1 + �)(1� )n: (22)The numerator is at least (1 + �2)(1 � 2)(1 � ), which is at least (1 + �2)(1 � 3). Also,(1 + �)(1� )� 4 is at most (1 + �)(1� 3), since � � 1. Hence, (22) is at least RHS.Case � �  � 1=(d+ 1). LHS is at least1d0 + 1(1� )n � (1� )2(1� 3)(d+ 1)n = 1 +  + (42)=(1� 3)d+ 1 n: (23)On the other hand, RHS is monotone increasing with � , so when � � 1=(d+1)+ , its value isat most 1 + (1=(d+ 1) + )2d+ 1 + 1=(d+ 1) + n � 1 +  + 2d+ 1 : (24)Since (23) is at least (24), (21) holds.By deleting �rst all high-degree vertices (in parallel) before applying ParallelGreedy, we obtainan e�cient approximation in terms of d.Corollary 13 There is a EREW parallel algorithm that �nds an independent set satisfyingTheorem 2 and Corollary 4 in time O(log� nmin(poly(d) logn; d!)) using n processors.The preprocessing method of last section requires the solution of bipartite matching, forwhich no deterministic parallel algorithms are known. However, randomized parallel algorithmsare known [17], and thus the same applies to Theorem 9. An e�cient deterministic approachthat nearly matches the bound of Theorem 9 is to use either the complement of a maximalmatching or the output of the above algorithm, whichever independent set is larger. As weargue in [12], this approach yields a performance ratio of (2d+ 4:5)=5.Acknowledgments We thank Noga Alon and Mario Szegedy for kindly proving Lemma 10,Vas¥k Chvátal for comments and helpful advice, Dorit Hochbaum for comments and corrections,and the anonymous referees for thorough important corrections.References[1] N. Alon, U. Feige, A. Wigderson, and D. Zuckerman. Derandomized graph products.Computational Complexity, 1995.[2] S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy. Proof veri�cation and hardnessof approximation problems. In Proc. 33rd Ann. IEEE Symp. on Found. of Comp. Sci., pages14�23, Oct. 1992.[3] P. Berman and T. Fujito. On the approximation properties of independent set problem indegree 3 graphs. In Fourth Workshop on Algorithms and Data Structures, Aug. 1995.[4] P. Berman and M. Fürer. Approximating maximum independent set in bounded degreegraphs. In Proc. Fifth Ann. ACM-SIAM Symp. on Discrete Algorithms, pages 365�371,Jan. 1994. 16
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